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1/8 Suppose that two nondimensional quantities are ex-
actly A � 6.67 and B � 1.726. Using the rules for sig-
nificant figures as stated in this chapter, express the
four quantities (A � B), (A � B), (AB), and (A/B).

1/9 Compute the magnitude F of the force which the
earth exerts on the moon. Perform the calculation
first in newtons and then convert your result to
pounds. Refer to Table D/2 for necessary physical
quantities.

Problem 1/9

1/10 The uniform steel and titanium spheres are posi-
tioned as shown. Determine the magnitude of the
small gravitational force of mutual attraction if r �
50 mm.

Problem 1/10

1/11 Determine the percent error n in replacing the sine
and the tangent of an angle by the value of the
angle in radians for angle values of 5°, 10°, and 20°.
Explain the qualitative difference between the sine
and tangent results.

Steel

Titanium

4r

r

r–
2

F F

PROBLEMS
1/1 Determine the angles made by the vector V � 40i �

30j with the positive x- and y-axes. Write the unit
vector n in the direction of V.

1/2 Determine the magnitude of the vector sum V �

V1 � V2 and the angle �x which V makes with the
positive x-axis. Complete both graphical and alge-
braic solutions.

Problem 1/2

1/3 For the given vectors V1 and V2 of Prob. 1/2, deter-
mine the magnitude of the vector difference V� �

V2 � V1 and the angle �x which V� makes with the
positive x-axis. Complete both graphical and alge-
braic solutions.

1/4 A force is specified by the vector F � 120i � 160j �

80k lb. Calculate the angles made by F with the posi-
tive x-, y-, and z-axes.

1/5 What is the mass in both slugs and kilograms of a
3000-lb car?

1/6 From the gravitational law calculate the weight W
(gravitational force with respect to the earth) of a 
90-kg man in a spacecraft traveling in a circular orbit
250 km above the earth’s surface. Express W in both
newtons and pounds.

1/7 Determine the weight in newtons of a woman whose
weight in pounds is 130. Also, find her mass in slugs
and in kilograms. Determine your own weight in
newtons.

y

x
60° 4

3

V1 = 10 units

V2 = 12 units
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مقدمه: 
1-1             تعریف علم مکانیک:

علم مکانیک علمی است که شرایط سکون و حرکت اجسام تحت تاثیر نیرو را بررسی 
می کند.

حوزه های علم مکانیک

1- مکانیک اجسام صلب

2- مکانیک اجسام تغییرشکل پذیر )مقاومت مصالح(
3- مکانیک سیالات )مایعات و گازها(

- استاتیک: اجسام صلب ساکن
را مورد بررسی قرار می دهد.

- دینامیک: اجسام صلب متحرک
را مورد بررسی قرار می دهد.

در این کتاب از حوزه های فوق، در بخش اول با مکانیک اجسام صلب ساکن )استاتیک( 
و در بخش دوم تا حدودی با مکانیک اجسام تغییر شکل پذیر )مقاومت مصالح(آشنا می شویم.

{{

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- علم مکانیک را تعریف نماید.

2- حوزه های علم مکانیک را بشناسد.
3- مفاهیم اصلی در علم مکانیک را بشناسد و تعریف نماید.

4- فرضیات علم مکانیک را توضیح دهد.
5- قوانین نیوتن را تعریف کند.

6- کاربرد پیشوندهای واحدهای اندازه گیری را بداند.

تاریخ مهندسی )مطالعه آزاد(
محمد کرجی از نوابغ مهندسی ایران در بیش از هزار سال پیش بوده است.

کرجی در کتاب »استخراج آب های زیرزمینی« به وضوح از کرویتّ زمین و قوة جاذبه 
و قوانین تعادل و حرکت، که برخی از آن ها چندین قرن بعد توسط دانشمندان اروپایی 

مطرح شد سخن می گوید.
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{

1-2         مفاهیم اصلی در علم مکانیک: 
مفاهیم اصلی و مورد استفاده در علم مکانیک و معرفی یکاهای اندازه گیری آن ها در 

سامانة بین المللی یکاها )SI( به شرح زیر می باشد.
 :)Space( 1-2-1- فضا

ناحیه هندسی است که رویدادهای فیزیکی در آن رخ می دهد. موقعیت هر نقطه در فضا را مکان می نامیم 
که نسبت به یک نقطة مرجع تعیین می شود و واحد اندازه گیری آن در سامانة SI ، متر )m( می باشد.

 :)Time( 1-2-2- زمان
فاصلة بین وقوع دو رویداد فیزیکی زمان نام دارد و واحد اندازه گیری آن ثانیه )s( می باشد.

 :)Mass( 1-2-3- جرم
هر چیزی که فضا را اشغال نماید ماده نام دارد و جسم ماده ای است که به وسیلة یک سطح 
بسته محدود شده است. مقدار مادة تشکیل دهندة هر جسم را جرم آن جسم می نامیم و واحد 

اندازه گیری آن کیلوگرم )kg( است.
 :)Force( 1-2-4- نیرو

تأثیر یک جسم بر جسم دیگر را نیرو می نامیم و واحد اندازه گیری آن نیوتن )N( است.

1-3         فرضیات:
در علم مکانیک به منظور ساده تر شدن حل مسائل، فرضیاتی به شرح زیر در نظر گرفته می شود.

 :)Rigid Body( جسم صلب )1
جسمی است که در اثر اعِمال نیرو تغییر شکل ندهد.

 :)Particle( نقطه مادی )2
جسمی است که از ابعاد آن صرف نظر می شود؛ به عنوان مثال می توان کره زمین را در فضا به 

صورت یک نقطه مادی در نظر گرفت.

1-4         قوانین نیوتن:
مکانیک اجسام صلب بر اساس قوانین نیوتن به شرح زیر استوار است:

1-4-1- قانون اول نیوتن: 
هرگاه مجموع نیروهای وارد بر یک جسم صفر باشد:

اگر جسم ساکن باشد تا ابد ساکن باقی می ماند.
اگر در حال حرکت باشد به حرکت یکنواخت و مستقیم الخط خود ادامه می دهد.
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یک مورد خاص و بسیار مهم این قانون وزن اجسام است که به صورت زیر تعریف 
می شود:

 :)Weight( تعریف وزن
وزن نیرویی است که از طرف زمین به اجسام وارد می شود و با رابطه )1-2( بیان می گردد که 

شباهت زیادی با رابطه F=m.a دارد.
)2-1(                   

1-4-3- قانون سوم نیوتن: 
هر عملی را عکس العملی است مساوی با آن و در جهت خلاف آن.

w : وزن جسم بر حسب نیوتن
kg جرم جسم بر حسب : m

( می باشد. mg /
s29 81 10=  g : شتاب جاذبه زمین معادل )

تذکر: 
واحد دیگر وزن، کیلوگرم نیرو )kgf( می باشد که معادل 10 نیوتن است یعنی:

1-4-2- قانون دوم نیوتن: 
هرگاه مجموع نیروهای وارد بر یک جسم صفر نباشد، آن جسم شتابی متناسب با مجموع نیروها 

و در راستای آن می گیرد. قانون دوم نیوتن با رابطة زیر تعریف می شود:
)1-1(                    

در این رابطه:
N مجموع نیروهای وارد بر جسم بر حسب F

kg جرم جسم بر حسب m
m می باشد.

s2
a شتاب ایجاد شده در جسم بر حسب 

w m.g=

kgf N1 10

F m.a=

شکل 1-1

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 
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یادآوری: 
اکثر  استفاده می کنیم که در   )SI( اندازه گیری  بین المللی واحدهای  از سامانه  این کتاب  در 

کشورها نیز پذیرفته شده است.
واحدهای اندازه گیری کمیت ها در کتاب محاسبات فنی ساختمان بیان گردیده و در این جا 
به منظور تکمیل آن پیشوندهای واحدهای اندازه گیری را یادآوری می نمائیم و مزیت آن در 
این است که با استفاده از این پیشوندها از نوشتن اعداد خیلی بزرگ و خیلی کوچک اجتناب 
می شود. به عنوان مثال می توان N 247500 را به صورت kN 247/5 و یا m 0/00546 را             

mm 5/46 نوشت.
تذکر: 

بین پیشوند و واحد اندازه گیری مورد نظر از هیچ علامتی استفاده نمی شود اما بین دو واحد 
اندازه گیری مختلف هر علامتی نظیر × و / می تواند وجود داشته باشد به طور مثال:

)10-9 m( یعنی نانومتر nm یعنی نیوتن متر و N.m

جدول )1-1( پیشوندهای آحاد اندازه گیری

نام پیشوند علامت اختصاری مقدار عددی شکل توانی

پیکو p 0/000000000001 10-12

نانو n 0/000000001 10-9

میکرو μ 0/000001 10-6

میلی m 0/001 10-3

کیلو K 1,000 103

مگا M 1,000,000 106

گیگا G 1,000,000,000 109

ترا T 1,000,000,000,000 1012
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)الف )ب

)ج   )د  

)ه   )و  

)ز  

خودآزمایی

1- اصطلاحات زیر را تعریف کنید:
علم مکانیک - استاتیک - دینامیک - جسم صلب - نقطة مادی

2- علم مکانیک به چند حوزه تقسیم می شود؛ نام ببرید.
3- مفاهیم اصلی در علم مکانیک را نام برده و هر یک را توضیح دهید.

4- قوانین نیوتن را نام برده و هر یک را توضیح دهید.
5- جرم جسمی kg 60 است. وزن آن را بر حسب N و kgf محاسبه کنید.

6- به واحدهای خواسته شده تبدیل کنید:

    تاریخ مهندسی )مطالعه آزاد(
اخوان الصفا گروهی از متفکران و فیلسوفان بودند که در سال 373 هجری در بصره به صورت انجمنی 
مخفی گرد آمدند. نام افراد این انجمن تماماً مشخص نیست ولی بعضی از افراد این گروه، ایرانی 
بوده اند: ابوسلیمان محمدبن مشیر بستی مقدسی و ابوالحسن علی بن هارون زنجانی و محمدبن احمد 

نهرجوری از جمله ایرانیان اخوان الصفا بوده اند.
گزیده ای از نظرات اخوان الصفا دربارة پدیدارهای طبیعی که در بخشی از رسایل آن ها موسوم به »حدود 

و رسوم« آمده است تعاریف بنیادی استاتیک و مقاومت مصالح است که در زیر نقل گردیده اند.
مکان: هر موضوعی که شیء متمکن را در بر گیرد، و آن نهایات جسم است.

زمان: شمارة حرکت های سپهر، و تکرار شب و روز است.
جسم: هر چیزی که طول و عرض و عمق داشته باشد.
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body, we may consider the force to be concentrated at a point with neg-
ligible loss of accuracy. Force can be distributed over an area, as in the
case of mechanical contact, over a volume when a body force such as
weight is acting, or over a line, as in the case of the weight of a sus-
pended cable.

The weight of a body is the force of gravitational attraction distrib-
uted over its volume and may be taken as a concentrated force acting
through the center of gravity. The position of the center of gravity is fre-
quently obvious if the body is symmetric. If the position is not obvious,
then a separate calculation, explained in Chapter 5, will be necessary to
locate the center of gravity.

We can measure a force either by comparison with other known
forces, using a mechanical balance, or by the calibrated movement of an
elastic element. All such comparisons or calibrations have as their basis
a primary standard. The standard unit of force in SI units is the newton
(N) and in the U.S. customary system is the pound (lb), as defined in
Art. 1/5.

Action and Reaction
According to Newton’s third law, the action of a force is always ac-

companied by an equal and opposite reaction. It is essential to distin-
guish between the action and the reaction in a pair of forces. To do so,
we first isolate the body in question and then identify the force exerted
on that body (not the force exerted by the body). It is very easy to mis-
takenly use the wrong force of the pair unless we distinguish carefully
between action and reaction.

Concurrent Forces
Two or more forces are said to be concurrent at a point if their lines

of action intersect at that point. The forces F1 and F2 shown in Fig. 2/3a
have a common point of application and are concurrent at the point A.
Thus, they can be added using the parallelogram law in their common
plane to obtain their sum or resultant R, as shown in Fig. 2/3a. The re-
sultant lies in the same plane as F1 and F2.

Suppose the two concurrent forces lie in the same plane but are ap-
plied at two different points as in Fig. 2/3b. By the principle of transmis-
sibility, we may move them along their lines of action and complete
their vector sum R at the point of concurrency A, as shown in Fig. 2/3b.
We can replace F1 and F2 with the resultant R without altering the ex-
ternal effects on the body upon which they act.

We can also use the triangle law to obtain R, but we need to move
the line of action of one of the forces, as shown in Fig. 2/3c. If we add the
same two forces as shown in Fig. 2/3d, we correctly preserve the magni-
tude and direction of R, but we lose the correct line of action, because R
obtained in this way does not pass through A. Therefore this type of
combination should be avoided.

We can express the sum of the two forces mathematically by the
vector equation

R � F1 � F2 Figure 2/3

Article 2/2 Force 25

R
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2-1         کمیت های فیزیکی 
2-1-1- کمیت های عددی یا اسکالر 

کمیت هایی هستند که فقط دارای اندازه یا مقدار می باشند؛ مانند جرم، زمان، طول جسم و 
کار و انرژی.

2-1-2- کمیت های برداری 
کمیت هایی هستند که علاوه بر مقدار دارای جهت و راستا نیز می باشند. مانند: بردارهای نیرو، 

گشتاور، سرعت، شتاب و جابجایی.

 )Vector( 2-2         بردارها
هر بردار به صورت یک پیکان با طولی متناسب با مقدار آن ترسیم می شود

( با مقدار N 80 و با زاویه °30 نسبت به  F


به عنوان مثال در شکل )2-1(، بردار نیروی )
محور x و در جهت و راستای نشان داده شده ترسیم شده است.

نکته: 
زاویه امتداد هر بردار باید با یک امتداد مبنا که معمولًا امتدادهای x یا y است، مشخص 

شود.

شکل 1-2

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- کمیت های فیزیکی را بشناسد.
2- انواع بردارها را تعریف نماید.

3- جمع و تفریق بردارها را به روش ترسیمی انجام دهد.
4- یک بردار را به مؤلفه های آن تجزیه نماید.

5- نمایش برداری بردارها را بداند.
6- مقدار بردار را با استفاده از مؤلفه های متعامد آن محاسبه نماید.
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2-3         انواع بردارها 
2-3-1- بردار لغزان 

برداری است که اگر در راستای خود جابه جا شود، اثر آن بر جسم تغییر ننماید. همانند نیروی 
F در شکل )2-2(

یا

68 Rigid Bodies: Equivalent Systems of Forces second and third laws and of a number of other concepts as well. 
Therefore, our study of the statics of rigid bodies will be based on 
the three principles introduced so far, i.e., the parallelogram law of 
addition, Newton’s first law, and the principle of transmissibility. 
    It was indicated in Chap. 2 that the forces acting on a particle 
could be represented by vectors. These vectors had a well-defined 
point of application, namely, the particle itself, and were therefore 
fixed, or bound, vectors. In the case of forces acting on a rigid body, 
however, the point of application of the force does not matter, as 
long as the line of action remains unchanged. Thus, forces acting on 
a rigid body must be represented by a different kind of vector, known 
as a  sliding vector , since forces may be allowed to slide along their 
lines of action. We should note that all the properties which will be 
derived in the following sections for the forces acting on a rigid body 
will be valid more generally for any system of sliding vectors. In 
order to keep our presentation more intuitive, however, we will carry 
it out in terms of physical forces rather than in terms of mathematical 
sliding vectors. 

W

F

R1 R2

W

F'

R1 R2

�

  Fig. 3.4    

    Returning to the example of the truck, we first observe that the 
line of action of the force  F  is a horizontal line passing through both 
the front and the rear bumpers of the truck ( Fig. 3.4 ). Using the 
principle of transmissibility, we can therefore replace  F  by an  equiva-
lent force   F 9 acting on the rear bumper. In other words, the condi-
tions of motion are unaffected, and all the other external forces 
acting on the truck ( W ,  R  1 ,  R  2 ) remain unchanged if the people push 
on the rear bumper instead of pulling on the front bumper. 
    The principle of transmissibility and the concept of equivalent 
forces have limitations, however. Consider, for example, a short bar 
 AB  acted upon by equal and opposite axial forces  P  1  and  P  2 , as shown 
in  Fig. 3.5  a . According to the principle of transmissibility, the force 
 P  2  can be replaced by a force  P 9 2  having the same magnitude, the 
same direction, and the same line of action but acting at  A  instead 
of  B  (Fig. 3.5 b ). The forces  P  1  and  P 9 2  acting on the same particle 
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شکل 2-2

2-3-2- بردار ثابت 
مثلًا  نمود.  آن را جابجا  نمی توان  و  می کند  اشغال  فضا  در  را  معینی  مکان  که  است  برداری 
ضربه ای که به سر انسان وارد می شود با ضربه ای که با همان مقدار و همان جهت به پای او 

وارد می آید متفاوت است.
2-3-3- بردارهای هم سنگ

دو بردار مساوی، موازی و هم جهت را بردارهای هم سنگ می نامیم. شکل )3-2(

P


F


شکل 3-2

شکل 4-2

2-3-4- بردارهای زوج 
دو بردار مساوی، موازی و مختلف الجهت را بردارهای زوج می نامیم. شکل )4-2(
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2-3-6- بردار یکه )واحد( 
برداری که مقدار )اندازه( آن برابر واحد است را بردار یکه یا واحد می نامیم.

2-3-7- بردار نیرو 
برداری است که علاوه بر مقدار، جهت و راستا دارای نقطه اثر نیز می باشد 

نیوتن به صورت زیر تعریف  قانون دوم  نیوتن )N( است و مطابق  اندازه گیری آن  و واحد 
می شود:

2-3-5- بردارهای مخالف 
دو بردار مساوی، هم راستا و مختلف الجهت را بردارهای مخالف گویند. شکل )5-2(

F


شکل 5-2

شکل 6-2

SAMPLE PROBLEM 1/1

Determine the weight in newtons of a car whose mass is 1400 kg. Convert
the mass of the car to slugs and then determine its weight in pounds.

Solution. From relationship 1/3, we have

Ans.

From the table of conversion factors inside the front cover of the textbook, we
see that 1 slug is equal to 14.594 kg. Thus, the mass of the car in slugs is

Ans.

Finally, its weight in pounds is

Ans.

As another route to the last result, we can convert from kg to lbm. Again using
the table inside the front cover, we have

The weight in pounds associated with the mass of 3090 lbm is 3090 lb, as calcu-
lated above. We recall that 1 lbm is the amount of mass which under standard
conditions has a weight of 1 lb of force. We rarely refer to the U.S. mass unit lbm
in this textbook series, but rather use the slug for mass. The sole use of slug,
rather than the unnecessary use of two units for mass, will prove to be powerful
and simple—especially in dynamics.

m � 1400 kg� 1 lbm
0.45359 kg� � 3090 lbm

W � mg � (95.9)(32.2) � 3090 lb

m � 1400 kg� 1 slug

14.594 kg� � 95.9 slugs

W � mg � 1400(9.81) � 13 730 N

Article 1/9 Chapter Review 19

m = 1400 kg

Helpful Hints

� Our calculator indicates a result of
13 734 N. Using the rules of signifi-
cant-figure display used in this text-
book, we round the written result to
four significant figures, or 13 730 N.
Had the number begun with any
digit other than 1, we would have
rounded to three significant figures.

� A good practice with unit conversion
is to multiply by a factor such as 

which has a value of 1,

because the numerator and the de-
nominator are equivalent. Make sure
that cancellation of the units leaves
the units desired; here the units of
kg cancel, leaving the desired units
of slug.

� 1 slug

14.594 kg�,

�

�

�

� Note that we are using a previously calculated result (95.9 slugs). We must be sure that when a calculated number is
needed in subsequent calculations, it is retained in the calculator to its full accuracy, (95.929834 . . .) until it is needed.
This may require storing it in a register upon its initial calculation and recalling it later. We must not merely punch 95.9
into our calculator and proceed to multiply by 32.2—this practice will result in loss of numerical accuracy. Some
individuals like to place a small indication of the storage register used in the right margin of the work paper, directly
beside the number stored.

SAMPLE PROBLEM 1/2

Use Newton’s law of universal gravitation to calculate the weight of a 70-kg
person standing on the surface of the earth. Then repeat the calculation by using
W � mg and compare your two results. Use Table D/2 as needed.

Solution. The two results are

Ans.

Ans.

The discrepancy is due to the fact that Newton’s universal gravitational law does
not take into account the rotation of the earth. On the other hand, the value g �

9.81 m/s2 used in the second equation does account for the earth’s rotation. Note
that had we used the more accurate value g � 9.80665 m/s2 (which likewise ac-
counts for the earth’s rotation) in the second equation, the discrepancy would
have been larger (686 N would have been the result).

W � mg � 70(9.81) � 687 N

W �
Gmem

R2
�

(6.673 � 10�11)(5.976 � 1024)(70)

[6371 � 103]2
� 688 N

R me

m = 70 kg

�

Helpful Hint

� The effective distance between the
mass centers of the two bodies in-
volved is the radius of the earth.

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 

  Fig. 3.1    

W

F

R1 R2

  Fig. 3.2    

�

F

F'

  Fig. 3.3    

3.3 Principle of Transmissibility. 
Equivalent Forces
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and mass. Vector quantities, on the other hand, possess direction as well
as magnitude, and must obey the parallelogram law of addition as de-
scribed later in this article. Examples of vector quantities are displace-
ment, velocity, acceleration, force, moment, and momentum. Speed is a
scalar. It is the magnitude of velocity, which is a vector. Thus velocity is
specified by a direction as well as a speed.

Vectors representing physical quantities can be classified as free,
sliding, or fixed.

A free vector is one whose action is not confined to or associated
with a unique line in space. For example, if a body moves without rota-
tion, then the movement or displacement of any point in the body may
be taken as a vector. This vector describes equally well the direction and
magnitude of the displacement of every point in the body. Thus, we may
represent the displacement of such a body by a free vector.

A sliding vector has a unique line of action in space but not a
unique point of application. For example, when an external force acts on
a rigid body, the force can be applied at any point along its line of action
without changing its effect on the body as a whole,* and thus it is a slid-
ing vector.

A fixed vector is one for which a unique point of application is
specified. The action of a force on a deformable or nonrigid body must be
specified by a fixed vector at the point of application of the force. In this
instance the forces and deformations within the body depend on the
point of application of the force, as well as on its magnitude and line of
action.

Conventions for Equations and Diagrams
A vector quantity V is represented by a line segment, Fig. 1/1, hav-

ing the direction of the vector and having an arrowhead to indicate the
sense. The length of the directed line segment represents to some conve-
nient scale the magnitude �V� of the vector, which is printed with light-
face italic type V. For example, we may choose a scale such that an
arrow one inch long represents a force of twenty pounds.

In scalar equations, and frequently on diagrams where only the
magnitude of a vector is labeled, the symbol will appear in lightface
italic type. Boldface type is used for vector quantities whenever the di-
rectional aspect of the vector is a part of its mathematical representa-
tion. When writing vector equations, always be certain to preserve the
mathematical distinction between vectors and scalars. In handwritten
work, use a distinguishing mark for each vector quantity, such as an un-
derline, V, or an arrow over the symbol, , to take the place of boldface
type in print.

Working with Vectors
The direction of the vector V may be measured by an angle � from

some known reference direction as shown in Fig. 1/1. The negative of V
is a vector �V having the same magnitude as V but directed in the
sense opposite to V, as shown in Fig. 1/1.

V
l

Article 1/3 Scalars and Vectors 5

θ
–V

V

Figure 1/1

*This is the principle of transmissibility, which is discussed in Art. 2/2.
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2-4         جمع و تفریق بردارها 
عملیات جمع و تفریق کمیت های برداری با جمع و تفریق کمیت های عددی )اسکالر( 
( در بالای  V  از علامت )



متفاوت است. در این کتاب برای نشان دادن یک بردار مانند
( بالای آن برداشته  آن استفاده می شود و برای نشان دادن مقدار )اندازه( آن بردار علامت )

می شود.

2-4-1- روش های جمع و تفریق بردارها
جمع و تفریق بردارها به دو روش 1- ترسیمی 2- محاسباتی انجام می شود که در این 

فصل با روش ترسیمی و در فصل بعد با روش های محاسباتی آشنا خواهید شد.
2-4-1-1- روش ترسیمی

در این روش با استفاده از وسایل ترسیم و مقیاس مناسب جمع و تفریق بردارها انجام 
می شود. روش های ترسیمی جمع و تفریق بردارها شامل سه روش زیر می باشد:

الف( روش مثلث
ب( روش متوازی الاضلاع

ج( روش چندضلعی
لازم به ذکر است که روش های مثلث و متوازی الاضلاع برای مجموع یا تفاضل دو 

بردار و روش چندضلعی برای مجموع یا تفاضل بیش از دو بردار مناسب می باشند.
الف( روش مثلث

Q مطابق شکل )2-7( مفروض است. برای به دست آوردن مجموع 


P و 


دو بردار 

P به صورت زیر عمل می کنیم: Q+
 

آن ها یعنی 

V


V


: V اندازه یا مقدار بردار

:                   V بردار

شکل 7-2

17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 

A

P

Q

(a)

A

P
R

Q

(b)

A

R

(c)

Fig. 2.2

2.3   Vectors
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
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    A vector used to represent a force acting on a given particle 
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ب( روش متوازی الاضلاع
 )9-2( شکل  مطابق   Q



و   P


بردار  دو 
 R P Q= +
  

یعنی  آن ها  مجموع  و  است  مفروض 
به شرح  متوازی الاضلاع  قانون  مدنظر می باشد. طبق 

زیر عمل می نمائیم: شکل )10-2(
P و


1( از نقطه دلخواه مانند O هم سنگ بردارهای 
Q ترسیم می نمائیم



خطی   Q


بردار موازات  به   P


بردار انتهای  از   )2
)d1 ترسیم می شود )خط

خطی   P


بردار موازات  به   Q


بردار انتهای  از   )3
 ´́O ترسیم می شود )خط d2( تا خط d1 را در نقطه́ 

قطع نماید.
R خواهد 



Q یعنی


P و


4( برداری که از O به 'O ترسیم می شود همان مجموع دو بردار
بود که مقدار آن به وسیله خط کش مقیاس برداشت می شود.

1( از نقطه دلخواه مانند A هم سنگ یکی از بردارها ترسیم می شود
2( از انتهای بردار اول هم سنگ بردار دوم ترسیم می شود

بردار  بردار دوم وصل می شود مجموع دو  انتهای  به  اول  بردار  ابتدای  از  برداری که   )3
خواهد بود که مقدار آن به وسیلة خط کش مقیاس اندازه گیری می شود: شکل )8-2(

R P Q= +
  

                                    )1-2(
19    From the parallelogram law, we can derive an alternative 

method for determining the sum of two vectors. This method, known 
as the  triangle rule , is derived as follows. Consider  Fig. 2.6 , where 
the sum of the vectors  P  and  Q  has been determined by the paral-
lelogram law. Since the side of the parallelogram opposite  Q  is equal 
to  Q  in magnitude and direction, we could draw only half of the 
parallelogram ( Fig. 2.7  a ). The sum of the two vectors can thus be 
found by  arranging   P   and   Q   in tip-to-tail fashion and then connect-
ing the tail of   P   with the tip of   Q . In  Fig. 2.7  b , the other half of the 
parallelogram is considered, and the same result is obtained. This 
confirms the fact that vector addition is commutative. 
    The  subtraction  of a vector is defined as the addition of the 
corresponding negative vector. Thus, the vector  P 2 Q  representing 
the difference between the vectors  P  and  Q  is obtained by adding 
to  P  the negative vector  2Q  ( Fig. 2.8 ). We write

   P 2 Q 5 P 1 (2Q)    (2.2)

         Here again we should observe that, while the same sign is used to 
denote both vector and scalar subtraction, confusion will be avoided 
if care is taken to distinguish between vector and scalar quantities. 
    We will now consider the  sum of three or more vectors.  The 
sum of three vectors  P, Q , and  S  will,  by definition , be obtained by 
first adding the vectors  P  and  Q  and then adding the vector  S  to the 
vector  P 1 Q . We thus write

   P 1 Q 1 S 5 (P 1 Q) 1 S   (2.3)

Similarly, the sum of four vectors will be obtained by adding the 
fourth vector to the sum of the first three. It follows that the sum 
of any number of vectors can be obtained by applying repeatedly the 
parallelogram law to successive pairs of vectors until all the given 
vectors are replaced by a single vector. 

=
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180� 180�

180�

180�

it now through 180° about a horizontal axis perpendicular to the binding (Fig. 2.3b); this 
second rotation may be represented by an arrow 180 units long and oriented as shown. 
But the book could have been placed in this final position through a single 180° rotation 
about a vertical axis (Fig. 2.3c). We conclude that the sum of the two 180° rotations repre-
sented by arrows directed respectively along the z and x axes is a 180° rotation represented 
by an arrow directed along the y axis (Fig. 2.3d). Clearly, the finite rotations of a rigid 
body do not obey the parallelogram law of addition; therefore, they cannot be represented 
by vectors.
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شکل 8-2

شکل 9-2

17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
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ج( روش چندضلعی
در این روش به منظور ترسیم مجموع چند 
بردار مانند شکل )2-11( از یک نقطه دلخواه مانند 
O هم سنگ بردار اول را رسم می کنیم و از انتهای 
بردار رسم شده هم سنگ بردار دوم ترسیم می شود. 
می یابد؛  ادامه  بردارها  تمامی  ترسیم  تا  روند  این 
برداری که از ابتدای بردار اول به انتهای بردار آخر 
شکل  بود.  خواهد  بردارها  مجموع  می شود،  رسم 

)12-2(

تذکر: 
با استفاده از تعریف  عملیات تفریق دو یا چند بردار به روش های فوق 

بردار مخالف مطابق شکل )2-13( امکان پذیر است. یعنی:

  A B A ( B)− = + −
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به روش مثلث
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A و


تفاضل بردارهای
به روش متوازی الاضلاع

شکل 11-2

شکل 12-2

شکل 13-2

نکته 1( 
هر گاه انتهای آخرین بردار بر ابتدای بردار اول منطبق گردد )یک چندضلعی بسته تشکیل 

شود(، مجموع بردارها صفر خواهد بود.
نکته 2( 

در حالتی که بردارها موازی یا هم راستا باشند، برای جمع و تفریق آن ها کافی است با در 
نظر گرفتن جهت بردارها، آن ها را روی یک محور ترسیم نمود.
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مثال 1

A  را به روش ترسیمی نشان داده و B−
 

A و  B+
 

در شکل زیر بردارهای 
اندازة تقریبی آن را با خط کش مقیاس برداشت نمایید. 

)ابعاد شبکه برابر 10 واحد است(

مجموع دو بردار به روش مثلث
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2-5         تجزیة یک بردار به مؤلفه های آن به روش ترسیمی 
همان گونه که در قسمت قبل دیدیم دو بردار با امتداد و مقادیر مشخص را می توان با استفاده 
از روش های مثلث یا متوازی الاضلاع با یکدیگر جمع نمود و مجموع آن ها را به دست آورد؛ 
که این بردارِ مجموع را برآیند دو بردار اولیه نیز می نامند. حال چنان چه دو امتداد دلخواه در 
F نیز داده شده باشد می توان آن را بر روی دو امتداد 



صفحه داشته باشیم و برداری به نام 
مورد نظر به شرح ذیل تجزیه نمود که عکس عمل جمع دو بردار می باشد. شکل های )14-2( 

و )15-2(
F دو خط به موازات محورهای a و b ترسیم نموده )خطوط'a و'b( تا 



1( از انتهای بردار 
آن ها را در نقاط O1 و O2 قطع نماید.

aF نشان داده می شود.


F روی امتداد a خواهد بود که با 


OO1 مؤلفة 



2( بردار 

bF نشان داده می شود.


F روی امتداد b خواهد بود که با نماد 


OO2 مؤلفة 



3( بردار 
روش فوق، روش کلی برای تجزیة یک بردار است. حالت خاصی از آن تجزیة یک بردار روی 

دو محور متعامد )عمود بر هم( است که کاربرد زیای در حل مسائل ایستایی دارد.

شکل 14-2

شکل 15-2

o

o1

o2

o
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شکل 16-2

2-6             تجزیة یک بردار به مؤلفه های متعامد آن در دستگاه مختصات دکارتی 
R با زاویه θ نسبت به محور x مفروض است. می خواهیم 



مطابق شکل )2-16( بردار 
آن را روی محورهای متعامد x و y تجزیه نمائیم. چنان چه مطابق مراحل سه گانه در بخش 

)2-5( عمل کنیم، به شکل )2-17( خواهیم رسید.

R

θ
o x

y

مثال 2

روی  را   F بردار  روبه رو  شکل  در 
امتدادهای a و b تجزیه کنید.

حل: 
b'

a'

b

a
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مثال 3

وارد  میخی  بر  شکل  مطابق   F نیروی 
می شود. مطلوب است تجزیه این نیرو روی 
محورهای x و y و محاسبه مقادیر مؤلفه ها.

حل: 
تجزیه  متعامد  مؤلفه های  به  را   F نیروی 

می کنیم.

x x

y y

F Fcos cos F / N

F Fsin sin F N

1000 30 866 02

1000 30 500

= θ = × ⇒ =

= θ = × ⇒ =





F N1000=

30
Fy

Fx

با   Ry و   Rx مؤلفه های  مقدار  یا  اندازه 
شدة  رنگ  مثلث  در  مثلثاتی  روابط  از  استفاده 

شکل )2-17( به شکل زیر محاسبه می شوند:

x
x

y
y

Rcos R R.cos
R

R
sin R R.sin

R

θ = ⇒ = θ

θ = ⇒ = θ

x

R

θ

Ry

Rx o1
o

o2

y

شکل 17-2
)3-2(

F N1000=

30

م مربوط به این موضوع را ببینید.
فیل
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مثال 4

2-6-1- نمایش برداری یک بردار در دستگاه مختصات دکارتی
در دستگاه مختصات دکارتی محورهای ox و oy بر یکدیگر عمود بوده و بردارهای واحد 
R در این 



j نمایش داده می شوند و برداری مانند بردار 


i و 


)یکه( روی آن ها به ترتیب با 
دستگاه با رابطة زیر تعریف می شود:

R روی محور y می باشد.


R روی محور x و Ry مؤلفة 


که در رابطة بالا Rx مؤلفة 

فرم برداری بردار F در شکل )مثال 3( را بنویسید.
حل:

 می باشد.
x yF F i F j= +

  

F به صورت 


فرم برداری بردار 
با توجه به نتایج مثال 3 داریم:

بنابراین:

2-7             تعیین اندازة یک بردار با استفاده از مؤلفه های متعامد آن 
امتدادهای مختلف تجزیه کرد  به دو مؤلفه روی  همان طور که یک بردار را می توان 
می توان به کمک مؤلفه های یک بردار، اندازة بردار و زاویة آن را به کمک رابطة فیثاغورث و 

نسبت های مثلثاتی تعیین کرد.
x داشته باشیم، می توان اندازه R و زاویه آ ن را  yR R i R j= +

  

هر گاه برداری مانند 
با امتداد x به صورت زیر تعیین نمود:

)5-2(                  R بردار )مقدار )اندازه

زاویه بردار R نسبت به محور x ها   )6-2(

x y

y

x

R R R

R
tan

R

2 2

1−

= +

θ =
x y

y

x

R R R

R
tan

R

2 2

1−

= +

θ =

x yR R i R j= +
  

F / i j866 02 500= +
  

x

y

F / N
F N

866 02
500

=
=

)4-2(

م مربوط به این موضوع را ببینید.
فیل
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خلاصه فصل
• کمیت های فیزیکی به دو دستة کلی تقسیم می شوند: 

الف- کمیت های اسکالر )عددی(  ب-    کمیت های برداری
• بردارهای یکه )واحد( روی محورهای x و y در دستگاه مختصات دکارتی به ترتیب با      

j نمایش داده می شوند.


i و 


• جمع و تفریق کمیت های برداری با جمع و تفریق کمیت های عددی متفاوت می باشد.
• جمع و تفریق دو یا چند بردار به صورت ترسیمی با روش های مثلث و متوازی الاضلاع 

و چندضلعی، انجام می شود.
• هر بردار را می توان روی دو محور دلخواه به مؤلفه های آن تجزیه نمود.

• مؤلفه های متعامد یک بردار در صفحه مختصات دکارتی با روابط زیر محاسبه می شوند:

از مؤلفه های متعامد آن در صفحة مختصات دکارتی  استفاده  با  بردار  برداری یک  • فرم 

x yR R i R j= +
  

عبارت است از:                     
• برای جمع و تفریق بردارهای هم راستا و یا موازی کافی است اندازة آن ها را با یکدیگر 

به صورت جبری جمع و یا تفریق نمود.
x و زاویة آن با محور x ها از روابط زیر تعیین می شوند: yR R i R j= +

  

• اندازه برداری مانند 
R اندازه بردار

x با محور R زاویه بردار

x y

y

x

R R R

R
tan ( )

R

2 2

1−

= +

θ =

x

y

R R.cos
R R.sin

= θ
= θ

مثال 5
نموده،  ترسیم  را   F ( i j)30 40= +

  

بردار 
مقدار و زاویة آن را با محور x ها به دست آورید.

x y

y

x

F F F F F

F
tan tan /

F

2 2 2 2

1 1

30 40 50

40 53 13
30

− −

= + ⇒ = + ⇒ =

θ = ⇒ θ = ⇒ θ = 

x

F=50

θ=53/13°

Fx=30

Fy=40

o
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 SAMPLE PROBLEM 2.2 

     A barge is pulled by two tugboats. If the resultant of the forces exerted by 
the tugboats is a 5000-lb force directed along the axis of the barge, determine 
( a ) the tension in each of the ropes knowing that a 5 45°, ( b ) the value of a 
for which the tension in rope 2 is minimum. 

30�
1

2
a

A

C

B

  SOLUTION  

 a.   Tension for a 5 45°.  Graphical Solution.    The parallelogram law is 
used; the diagonal (resultant) is known to be equal to 5000 lb and to be 
directed to the right. The sides are drawn parallel to the ropes. If the draw-
ing is done to scale, we measure

  T1 5 3700 lb  T2 5 2600 lb ◀   

  Trigonometric Solution.   The triangle rule can be used. We note that the 
triangle shown represents half of the parallelogram shown above. Using the 
law of sines, we write

  
T1

 sin 45°
5

T2

 sin 30°
5

5000 lb
 sin 105°  

 With a calculator, we first compute and store the value of the last quo-
tient. Multiplying this value successively by sin 45° and sin 30°, we obtain

  T1 5 3660 lb  T2 5 2590 lb ◀  

     b.   Value of a for Minimum  T  2 .   To determine the value of a for which the 
tension in rope 2 is minimum, the triangle rule is again used. In the sketch 
shown, line  1-1 9 is the known direction of  T  1 . Several possible directions of  T  2  
are shown by the lines 2-29. We note that the minimum value of  T  2  occurs 
when  T  1  and  T  2  are perpendicular. The minimum value of  T  2  is

  T2 5 (5000 lb) sin 30° 5 2500 lb  

Corresponding values of  T  1  and a are

  T1 5 (5000 lb) cos 30° 5 4330 lb  
   a 5 90° 2 30° a 5 60° ◀        

30� 45�

30�45�

5000 lb

T1

T2

B

45� 30�

5000 lb

105�
T1

T2

B

1

2
2

2

5000 lb
1'

2'

2'

2'

30�

5000 lb

T1
T2 90�

a
B
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2/4 Moment
In addition to the tendency to move a body in the direction of its ap-

plication, a force can also tend to rotate a body about an axis. The axis
may be any line which neither intersects nor is parallel to the line of ac-
tion of the force. This rotational tendency is known as the moment M of
the force. Moment is also referred to as torque.

As a familiar example of the concept of moment, consider the pipe
wrench of Fig. 2/8a. One effect of the force applied perpendicular to
the handle of the wrench is the tendency to rotate the pipe about its
vertical axis. The magnitude of this tendency depends on both the
magnitude F of the force and the effective length d of the wrench
handle. Common experience shows that a pull which is not perpendic-
ular to the wrench handle is less effective than the right-angle pull
shown.

Moment about a Point
Figure 2/8b shows a two-dimensional body acted on by a force F in

its plane. The magnitude of the moment or tendency of the force to ro-
tate the body about the axis O-O perpendicular to the plane of the
body is proportional both to the magnitude of the force and to the mo-
ment arm d, which is the perpendicular distance from the axis to the
line of action of the force. Therefore, the magnitude of the moment is
defined as

(2/5)

The moment is a vector M perpendicular to the plane of the body. The
sense of M depends on the direction in which F tends to rotate the
body. The right-hand rule, Fig. 2/8c, is used to identify this sense. We
represent the moment of F about O-O as a vector pointing in the direc-
tion of the thumb, with the fingers curled in the direction of the rota-
tional tendency.

The moment M obeys all the rules of vector combination and may
be considered a sliding vector with a line of action coinciding with the
moment axis. The basic units of moment in SI units are newton-meters

and in the U.S. customary system are pound-feet (lb-ft).
When dealing with forces which all act in a given plane, we custom-

arily speak of the moment about a point. By this we mean the moment
with respect to an axis normal to the plane and passing through the
point. Thus, the moment of force F about point A in Fig. 2/8d has the
magnitude M � Fd and is counterclockwise.

Moment directions may be accounted for by using a stated sign con-
vention, such as a plus sign (�) for counterclockwise moments and a
minus sign (�) for clockwise moments, or vice versa. Sign consistency
within a given problem is essential. For the sign convention of Fig. 2/8d,
the moment of F about point A (or about the z-axis passing through
point A) is positive. The curved arrow of the figure is a convenient way
to represent moments in two-dimensional analysis.

(N � m),

M � Fd
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هدف های رفتاری

نیرو
نیرو کمیتی است برداری که می تواند باعث ایجاد حرکت، تغییرِ شکل یا چرخش در 

اجسام گردد. 

3-1         انواع نیرو 
3-1-1- نیروهای خارجی

نیروهایی هستند که از محیط اطراف و در خارج از وجود جسم به آن وارد می شوند. 
نیروهای خارجی توجه دارد؛ مانند: وزن گوی در  به  مکانیک اجسام صُلب )استاتیک( فقط 

شکل )3-1( که به کف وارد می شود.

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- انواع نیروها را بشناسد.

2- مقدار و امتداد برآیند نیروهای وارد بر یک نقطة مادی را محاسبه کند.
3- گشتاور یا لنگر را تعریف نماید و مقدار آن را نسبت به یک نقطه محاسبه نموده 

و جهت آن را تشخیص دهد.
4- قضیه وارینون را تعریف کند و برای محاسبة گشتاور آن را به کار گیرد.

5- زوج نیرو را تعریف نماید و خصوصیات آن را بشناسد.
6- گشتاور زوج نیرو را محاسبه کند.

شکل 1-3

If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.

234 Chapter 5 Distributed Forces

b

R

(a)

(b)

(b)

(c)

Enlarged view
of contact

R

C

C

C

C

R

Figure 5/1

If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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3-1-2- نیروهای داخلی 
نیروهایی هستند که در داخل جسم و بین ذرات تشکیل دهندة آن ایجاد می شوند؛ مانند 
نیرویی که شخص هنگام اجرای بارفیکس در دستان خود احساس می کند؛ در مکانیک اجسام 

تغییرشکل پذیر )مقاومت مصالح( به نیروهای داخلی توجه می شود.

نیروی  آن را  گردد  وارد  از جسم  کوچکی  طول  به  نیرو  اگر  متمرکز:  نیروهای  الف( 
متمرکز می نامند. شکل )2-3(

شکل 2-3

شکل 3-3

ب( نیروهای گسترده: اگر نیرو در طول قابل توجهی از جسم پخش گردد آن را نیروی 
گسترده گویند. شکل )3-3(

If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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3-2         برآیند دو یا چند نیرو 
برآیند  بردار  بنابراین   آن ها،  برداری  جمع  از  عبارت است  نیرو  چند  یا  دو  برآیند  از  منظور 

به تنهایی اثر همة نیروهای وارد به جسم را دارد.
به عنوان مثال در شکل )3-4( شناور B در مسیری به حرکت در می آید که در واقع امتداد بردار 
برآیند دو نیروی وارده از طرف قایق های A و C خواهد بود. این بدان معناست که می توان به 
جای دو نیروی مذکور نیروی برآیند آن ها را در امتداد مسیر حرکت شناور قرار داده و آن را 

به حرکت درآورد.
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 SAMPLE PROBLEM 2.2 

     A barge is pulled by two tugboats. If the resultant of the forces exerted by 
the tugboats is a 5000-lb force directed along the axis of the barge, determine 
( a ) the tension in each of the ropes knowing that a 5 45°, ( b ) the value of a 
for which the tension in rope 2 is minimum. 

30�
1

2
a

A

C

B

  SOLUTION  

 a.   Tension for a 5 45°.  Graphical Solution.    The parallelogram law is 
used; the diagonal (resultant) is known to be equal to 5000 lb and to be 
directed to the right. The sides are drawn parallel to the ropes. If the draw-
ing is done to scale, we measure

  T1 5 3700 lb  T2 5 2600 lb ◀   

  Trigonometric Solution.   The triangle rule can be used. We note that the 
triangle shown represents half of the parallelogram shown above. Using the 
law of sines, we write

  
T1

 sin 45°
5

T2

 sin 30°
5

5000 lb
 sin 105°  

 With a calculator, we first compute and store the value of the last quo-
tient. Multiplying this value successively by sin 45° and sin 30°, we obtain

  T1 5 3660 lb  T2 5 2590 lb ◀  

     b.   Value of a for Minimum  T  2 .   To determine the value of a for which the 
tension in rope 2 is minimum, the triangle rule is again used. In the sketch 
shown, line  1-1 9 is the known direction of  T  1 . Several possible directions of  T  2  
are shown by the lines 2-29. We note that the minimum value of  T  2  occurs 
when  T  1  and  T  2  are perpendicular. The minimum value of  T  2  is

  T2 5 (5000 lb) sin 30° 5 2500 lb  

Corresponding values of  T  1  and a are

  T1 5 (5000 lb) cos 30° 5 4330 lb  
   a 5 90° 2 30° a 5 60° ◀        

30� 45�

30�45�

5000 lb

T1

T2

B

45� 30�

5000 lb

105�
T1

T2

B

1

2
2

2

5000 lb
1'

2'

2'

2'

30�

5000 lb

T1
T2 90�

a
B

bee80156_ch02_014-063.indd Page 23  9/29/09  9:32:07 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-02

23

 SAMPLE PROBLEM 2.2 

     A barge is pulled by two tugboats. If the resultant of the forces exerted by 
the tugboats is a 5000-lb force directed along the axis of the barge, determine 
( a ) the tension in each of the ropes knowing that a 5 45°, ( b ) the value of a 
for which the tension in rope 2 is minimum. 

30�
1

2
a

A

C

B

  SOLUTION  

 a.   Tension for a 5 45°.  Graphical Solution.    The parallelogram law is 
used; the diagonal (resultant) is known to be equal to 5000 lb and to be 
directed to the right. The sides are drawn parallel to the ropes. If the draw-
ing is done to scale, we measure

  T1 5 3700 lb  T2 5 2600 lb ◀   

  Trigonometric Solution.   The triangle rule can be used. We note that the 
triangle shown represents half of the parallelogram shown above. Using the 
law of sines, we write

  
T1

 sin 45°
5

T2

 sin 30°
5

5000 lb
 sin 105°  

 With a calculator, we first compute and store the value of the last quo-
tient. Multiplying this value successively by sin 45° and sin 30°, we obtain

  T1 5 3660 lb  T2 5 2590 lb ◀  

     b.   Value of a for Minimum  T  2 .   To determine the value of a for which the 
tension in rope 2 is minimum, the triangle rule is again used. In the sketch 
shown, line  1-1 9 is the known direction of  T  1 . Several possible directions of  T  2  
are shown by the lines 2-29. We note that the minimum value of  T  2  occurs 
when  T  1  and  T  2  are perpendicular. The minimum value of  T  2  is

  T2 5 (5000 lb) sin 30° 5 2500 lb  

Corresponding values of  T  1  and a are

  T1 5 (5000 lb) cos 30° 5 4330 lb  
   a 5 90° 2 30° a 5 60° ◀        

30� 45�

30�45�

5000 lb

T1

T2

B

45� 30�

5000 lb

105�
T1

T2

B

1

2
2

2

5000 lb
1'

2'

2'

2'

30�

5000 lb

T1
T2 90�

a
B

bee80156_ch02_014-063.indd Page 23  9/29/09  9:32:07 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-02

شکل 4-3

3-2-1- محاسبة برآیند سامانة چندنیرویی وارد به نقطة مادی
 F3 و F2 و F1 مطابق شکل )3-5- الف( نیروهای P هر گاه بر یک نقطة مادی مانند
وارد شود، به کمک تجزیه به شرح زیر می توان اندازة برآیند این نیروها )R( و راستای برآیند 

با محور x یعنی )θ( را تعیین نمود. شکل )3-5- ب(

شکل 5-3
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گام چهارم: نمایش برداری بردار برآیند )R( مطابق رابطة )6-3( 

X YR ( F i F j)= ∑ + ∑
 



   )6-3(

x مجموع مؤلفه های هم راستا با محور
y مجموع مؤلفه های هم راستا با محور

برآیند  بردار  ترسیمی  نمایش  پنجم:  گام 
مطابق شکل )7-3(

شکل 7-3

شکل 6-3

x x y yR F , R F= ∑ = ∑
 

F1

y

x

F2

P

F3

F3xF2xF1x

F3y

F1y

F2y

y

x

R

P

Ry

θ
Rx

گام اول: تجزیه هر یک از نیروها روی محورهای x و y؛ شکل )6-3(

؛ j


i و 


گام دوم: نمایش برداری تمامی نیروها بر حسب بردارهای یکة 
y و x گام سوم: محاسبة مجموع نیروهای هم راستا روی محورهای

)5-3(                 

 :ΣFx

:ΣFy

گام ششم: محاسبة اندازه )مقدار( برآیند با استفاده از رابطة فیثاغورث

x yR R R2 2= +                                    )7-3(
 )θ( ها x گام هفتم: محاسبة زاویه برآیند با امتداد محور

با استفاده از رابطة تانژانت و با توجه به شکل ترسیم شده 

yدر گام پنجم        )8-3(

x

R
tan

R
1−θ م مربوط به این موضوع را ببینید.=

فیل
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حل:
الف(

گام اول:
- تجزیة نیروها با توجه به اندازه و زاویة هر نیرو

مثال 1
دو نیرو مطابق شکل توسط دو کابل بر یک سنگ معدنی وارد می شود. مطلوب است:

الف( نمایش برداری برآیند
ب( نمایش ترسیمی بردار برآیند

ج( محاسبة اندازة بردار برآیند
د( محاسبة زاویة برآیند با افق

ه( ترسیم مسیر جابه جایی سنگ

F1=4000N

F2=2500N
45°

15°

F / i / j

F / i / j
1

2

3863 70 1035 28
1767 77 1767 77

= −

= +

 


 


F2y

F1y

F2x F1x

گام دوم:
- فرم برداری هر بردار با توجه به شکل مقابل و جهت هر یک از مؤلفه ها

F2y

F1y

F2x

F1x
45°

15°

x x

y y

x x

y y

F F cos cos F / N

F F sin sin F / N

F F cos cos F / N

F F sin sin F / N

1 1 1 1

1 1 1 1

2 2 2 2

2 2 2 2

4000 15 3863 70
4000 15 1035 28

2500 45 1767 77
2500 45 1767 77

 = θ = × ⇒ =


= θ = × ⇒ =

 = θ = × ⇒ =


= θ = × ⇒ =









F1 مؤلفه های

F2 مؤلفه های



31

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

ه( مسیر جابه جایی سنگ در راستای بردار برآیند مطابق شکل زیر خواهد بود.

مسیر جابه جایی سنگ

F
1=4000N

F 2
=25

00N

7/41°

x x x

y y y

R F / / R / N
R F / / R / N

1767 77 3863 70 5631 47
1767 77 1035 28 732 49

= Σ = + ⇒ =
= Σ = − ⇒ =

x yR R i R j

R / i / j5631 47 732 49

= +

= +

 


 


x yR R R R / /

R / N

2 2 2 25631 47 732 49

5678 91

= + ⇒ = +

⇒ =

y

x

R /tan tan /
R /

1 1 732 49 7 41
5631 70

− −θ = ⇒ θ = ⇒ θ = 

گام سوم:
) yFΣ  و 

xFΣ ( y و x تعیین مجموع نیروهای هم راستا با محورهای -

گام چهارم:
- نمایش برداری بردار برآیند

ج(
گام ششم:

- محاسبة اندازة برآیند به کمک رابطة )7-3(

د(
گام هفتم:

- محاسبة زاویة برآیند با محور x ها به کمک رابطة )8-3(

y yR F / N732 49= Σ =
θ

x xR F / N5631 70= Σ =

R

ب(
گام پنجم:

- نمایش ترسیمی بردار برآیند با توجه به فرم برداری 
بردار برآیند 

و روش متوازی الاضلاع
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الف - محاسبة مقدار برآیند نیروها
ب - محاسبة زاویة برآیند با افق
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د - نمایش برداری بردار برآیند
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3-3         گشتاور، لنگر )مُمان( 
یکی از اثرات نیرو بر اجسام تمایل به ایجاد چرخش در آن ها می باشد که به این پدیده 

گشتاور گفته می شود.
مطابق شکل های )3-10( و )3-11( نیرو باعث چرخش در اجسام می گردد.

مقدار گشتاور حول یک محور عبارت است از حاصل ضرب نیرو )F( در کوتاه ترین 
فاصله نیرو یا امتداد آن تا محور مورد نظر )d(. گشتاور را با M نمایش می دهند و رابطة 

آن  به صورت زیر نوشته می شود:
M =F.d

شکل 10-3

شکل 11-3

2/67 Each propeller of the twin-screw ship develops a
full-speed thrust of 300 kN. In maneuvering the
ship, one propeller is turning full speed ahead and
the other full speed in reverse. What thrust P must
each tug exert on the ship to counteract the effect of
the ship’s propellers?

Problem 2/67

Representative Problems

2/68 The force–couple system at A is to be replaced by
a single equivalent force acting at a point B on
the vertical edge (or its extension) of the triangular
plate. Determine the distance d between A and B.

Problem 2/68

b
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120 m

Article 2/5 Problems 55

2/69 A lug wrench is used to tighten a square-head bolt.
If 50-lb forces are applied to the wrench as shown,
determine the magnitude F of the equal forces
exerted on the four contact points on the 1-in. bolt
head so that their external effect on the bolt is
equivalent to that of the two 50-lb forces. Assume
that the forces are perpendicular to the flats of the
bolt head.

Problem 2/69

2/70 A force–couple system acts at O on the circular
sector. Determine the magnitude of the force F if
the given system can be replaced by a stand-alone
force at corner A of the sector.

Problem 2/70
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View C Detail
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2/73 The tie-rod AB exerts the 250-N force on the steer-

ing knuckle AO as shown. Replace this force by an

equivalent force–couple system at O.

Problem 2/73

2/74 The 250-N tension is applied to a cord which is se-

curely wrapped around the periphery of the disk.

Determine the equivalent force–couple system at

point C. Begin by finding the equivalent force–

couple system at A.

Problem 2/74
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y56 Chapter 2 Force Systems

2/71 During a steady right turn, a person exerts the forces

shown on the steering wheel. Note that each force

consists of a tangential component and a radially-

inward component. Determine the moment exerted

about the steering column at O.

Problem 2/71

2/72 A force F of magnitude 50 N is exerted on the

automobile parking-brake lever at the position

Replace the force by an equivalent

force–couple system at the pivot point O.

Problem 2/72

x
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2/73 The tie-rod AB exerts the 250-N force on the steer-
ing knuckle AO as shown. Replace this force by an
equivalent force–couple system at O.

Problem 2/73

2/74 The 250-N tension is applied to a cord which is se-
curely wrapped around the periphery of the disk.
Determine the equivalent force–couple system at
point C. Begin by finding the equivalent force–
couple system at A.
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2/71 During a steady right turn, a person exerts the forces
shown on the steering wheel. Note that each force
consists of a tangential component and a radially-
inward component. Determine the moment exerted
about the steering column at O.

Problem 2/71

2/72 A force F of magnitude 50 N is exerted on the
automobile parking-brake lever at the position

Replace the force by an equivalent
force–couple system at the pivot point O.

Problem 2/72

x

100 mm
10°

20°

15°

F

O

x � 250 mm.

375 mm

8 N

8 N

30°

30°

15°

15°
B

OA

F

F
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با توجه به شکل )3-12( نیروی F حول محور 'OO ایجاد گشتاور می نماید.در این 
شکل d کوتاه ترین فاصله امتداد نیروی F تا محور 'OO می باشد که بازوی لنگر نیز خوانده 

می شود بنابراین خواهیم داشت:
)10-3(            

گشتاور نیز کمیتی برداری است که آن را با نماد   نمایش می دهند و جهت آن مطابق 
ضرب بردارها خواهد بود که در مقاطع بالاتر با آن آشنا خواهید شد.

گرفته  نظر  در  نقطه  حول  گشتاور  صفحه،  در  نیروها  بررسی  دلیل  به  کتاب  این  در 
می شود لذا جهت چرخش آن در جهت عقربه ساعت  و یا خلاف عقربه ساعت  
خواهد بود. بنابراین با توجه به شکل )b-12-3( گشتاور نیروی F حول نقطة A واقع بر محور 

´OO به صورت رابطة )3-11( خواهد بود.

)11-3(                 

MOO ́= F.d

2/4 Moment
In addition to the tendency to move a body in the direction of its ap-

plication, a force can also tend to rotate a body about an axis. The axis
may be any line which neither intersects nor is parallel to the line of ac-
tion of the force. This rotational tendency is known as the moment M of
the force. Moment is also referred to as torque.

As a familiar example of the concept of moment, consider the pipe
wrench of Fig. 2/8a. One effect of the force applied perpendicular to
the handle of the wrench is the tendency to rotate the pipe about its
vertical axis. The magnitude of this tendency depends on both the
magnitude F of the force and the effective length d of the wrench
handle. Common experience shows that a pull which is not perpendic-
ular to the wrench handle is less effective than the right-angle pull
shown.

Moment about a Point
Figure 2/8b shows a two-dimensional body acted on by a force F in

its plane. The magnitude of the moment or tendency of the force to ro-
tate the body about the axis O-O perpendicular to the plane of the
body is proportional both to the magnitude of the force and to the mo-
ment arm d, which is the perpendicular distance from the axis to the
line of action of the force. Therefore, the magnitude of the moment is
defined as

(2/5)

The moment is a vector M perpendicular to the plane of the body. The
sense of M depends on the direction in which F tends to rotate the
body. The right-hand rule, Fig. 2/8c, is used to identify this sense. We
represent the moment of F about O-O as a vector pointing in the direc-
tion of the thumb, with the fingers curled in the direction of the rota-
tional tendency.

The moment M obeys all the rules of vector combination and may
be considered a sliding vector with a line of action coinciding with the
moment axis. The basic units of moment in SI units are newton-meters

and in the U.S. customary system are pound-feet (lb-ft).
When dealing with forces which all act in a given plane, we custom-

arily speak of the moment about a point. By this we mean the moment
with respect to an axis normal to the plane and passing through the
point. Thus, the moment of force F about point A in Fig. 2/8d has the
magnitude M � Fd and is counterclockwise.

Moment directions may be accounted for by using a stated sign con-
vention, such as a plus sign (�) for counterclockwise moments and a
minus sign (�) for clockwise moments, or vice versa. Sign consistency
within a given problem is essential. For the sign convention of Fig. 2/8d,
the moment of F about point A (or about the z-axis passing through
point A) is positive. The curved arrow of the figure is a convenient way
to represent moments in two-dimensional analysis.

(N � m),

M � Fd
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body. The right-hand rule, Fig. 2/8c, is used to identify this sense. We
represent the moment of F about O-O as a vector pointing in the direc-
tion of the thumb, with the fingers curled in the direction of the rota-
tional tendency.

The moment M obeys all the rules of vector combination and may
be considered a sliding vector with a line of action coinciding with the
moment axis. The basic units of moment in SI units are newton-meters

and in the U.S. customary system are pound-feet (lb-ft).
When dealing with forces which all act in a given plane, we custom-

arily speak of the moment about a point. By this we mean the moment
with respect to an axis normal to the plane and passing through the
point. Thus, the moment of force F about point A in Fig. 2/8d has the
magnitude M � Fd and is counterclockwise.

Moment directions may be accounted for by using a stated sign con-
vention, such as a plus sign (�) for counterclockwise moments and a
minus sign (�) for clockwise moments, or vice versa. Sign consistency
within a given problem is essential. For the sign convention of Fig. 2/8d,
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point A) is positive. The curved arrow of the figure is a convenient way
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مثال 3
گشتاور نیروی F حول نقطة O را محاسبه و جهت چرخش آن را بنویسید.

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41
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Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�
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حل:

ساعت گرد

3-4         گشتاور چند نیرو 
اگر به یک جسم چند نیرو اعِمال شود گشتاور آن ها نسبت به یک نقطه برابر است با 

مجموع جبری گشتاور هر نیرو نسبت به آن نقطه یعنی:

)12-3(
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= ⇒ = × ⇒ =

 قرارداد: 
در این کتاب جهت چرخش عقربه های ساعت مثبت فرض می شود.
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3-5         قضیه وارینون 
گشتاور برآیند چند نیرو حول یک نقطة معین برابر است با مجموع گشتاورهای آن ها 
گشتاورهای  مجموع  با  است  برابر  نقطه  هر  حول  نیرو  یک  گشتاور  یا  و  نقطه  همان  حول 

مؤلفه های آن نیرو حول همان نقطه.
کاربرد این قضیه در مثال 5 نشان داده شده است.
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مثال 4
در شکل زیر گشتاور نیروهای نشان داده شده را حول نقطة O محاسبه کنید و جهت آن را 

بنویسید.

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41

2 m

4 m

A

O

40°

600 N

2 m

4 m
600 N

40°

40°

O

d

2 m

4 m

O

F2 = 600 sin 40°

F1 = 600 cos 40°

O

C

B

F
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x

y

d1

d2

F2

F2

F1

F1

r

Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�
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�
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مثال 5
گشتاور نیروی F را در شکل زیر به دو روش 

حساب کنید:
الف( با استفاده از تعریف گشتاور

ب( به کمک قضیه وارینون

حل:
الف( با استفاده از تعریف:

محاسبه  را   )d( یعنی  لنگر  بازوی  قائم الزاویه  مثلث  در  مثلثاتی  روابط  از  استفاده  با  ابتدا 
می نمائیم؛ داریم:

o o o

cos

dcos d cos d / m

M F.d M / M / N.m

30 4 30 3 46
4

600 3 464 2078 4

α =

= ⇒ = × ⇒ =

= ⇒ = × ⇒ =

 

ضلع مجاور
وتر

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41

2 m

4 m

A

O

40°

600 N

2 m

4 m
600 N

40°
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O

d

2 m

4 m

O

F2 = 600 sin 40°

F1 = 600 cos 40°

O

C

B

F

A
x

y

d1

d2

F2

F2

F1

F1

r

Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�

F = 600N

θ = 30°

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41

2 m

4 m

A

O

40°

600 N

2 m

4 m
600 N

40°

40°

O

d

2 m

4 m

O

F2 = 600 sin 40°

F1 = 600 cos 40°

O

C

B

F

A
x

y

d1

d2

F2

F2

F1

F1

r

Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�

F = 600N

θ = 30°

30°

30° d

30°

60°



38

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

ب( با استفاده از قضیة وارینون
در این روش ابتدا نیروی F را به دو مؤلفة متعامد تجزیه نموده و گشتاور آن ها را نسبت به 

نقطة O محاسبه و با یکدیگر جمع می نمائیم.

x x x

y y y

F F.cos F cos F / N

F F.sin F sin F N

600 30 519 61
600 30 300

= θ ⇒ = × ⇒ =

= θ ⇒ = × ⇒ =





با توجه به شکل بازوی لنگر Fx برابر 4 متر و چون امتداد مؤلفة Fy از نقطة O می گذرد، 
بازوی لنگر آن صفر است.

خواهیم داشت:

  نکته:
نقطه                 همان  به  نسبت  نیرو  آن  گشتاور  نماید  عبور  نقطه ای  از  نیرو  یک  امتداد  هرگاه 

برابر صفر است.

n

o i i o
i

o x y

o

M Fd M Fd F d

M F F /

M / N.m

1 1 2 2
1

4 0 519 61 4

2078 44

=

= ⇒ = +

= × + × = ×

=

∑

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41
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Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�

 600N

θ = 30°

Fy

Fx

4m
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3-6         زوج نیرو: 
به دو نیروی مساوی - موازی و مختلف الجهت زوج نیرو گفته می شود.

3-6-1- خصوصیات زوج نیرو:
1- برآیند زوج نیرو صفر است؛

2- در اجسام ایجاد گشتاور )چرخش( می نماید؛
با  است  برابر  و  ثابت  است  مقداری  دلخواه  نقطه  هر  به  نسبت  زوج نیرو  گشتاور   -3

حاصل ضرب اندازة یک نیرو در فاصلة بین آن ها. شکل )13-3( 
M=F.d

شکل 13-3 تحقیق کنید:
چگونه می توان به کمک گشتاورگیری نسبت به یک نقطة دلخواه مانند O در شکل )13-3( 

خصوصیت سوم زوج نیرو را اثبات کرد.

MO

مثال 6

PROBLEMS
Introductory Problems

2/59 Compute the combined moment of the two 90-lb
forces about (a) point O and (b) point A.

Problem 2/59

2/60 Replace the 12-kN force acting at point A by a
force–couple system at (a) point O and (b) point B.

Problem 2/60

O

B

A
30°

12 kN

4 m

5 m

y

x

A O

y

x

4″4″8″

90 lb

90 lb

Article 2/5 Problems 53

2/61 Replace the force–couple system at point O by a
single force. Specify the coordinate of the point
on the y-axis through which the line of action of this
resultant force passes.

Problem 2/61

2/62 The top view of a revolving entrance door is shown.
Two persons simultaneously approach the door and
exert force of equal magnitudes as shown. If the
resulting moment about the door pivot axis at O is

determine the force magnitude F.

Problem 2/62

15°

15°

0.8 m

0.8 m

O

– F

F

25 N � m,

O
80 N·m

200 N

y

x

yA

PROBLEMS
Introductory Problems

2/59 Compute the combined moment of the two 90-lb
forces about (a) point O and (b) point A.

Problem 2/59

2/60 Replace the 12-kN force acting at point A by a
force–couple system at (a) point O and (b) point B.

Problem 2/60

O

B

A
30°

12 kN

4 m

5 m

y

x

A O

y

x

4″4″8″

90 lb

90 lb

Article 2/5 Problems 53

2/61 Replace the force–couple system at point O by a
single force. Specify the coordinate of the point
on the y-axis through which the line of action of this
resultant force passes.

Problem 2/61

2/62 The top view of a revolving entrance door is shown.
Two persons simultaneously approach the door and
exert force of equal magnitudes as shown. If the
resulting moment about the door pivot axis at O is

determine the force magnitude F.

Problem 2/62

15°

15°

0.8 m

0.8 m

O

– F

F

25 N � m,

O
80 N·m

200 N

y

x

yA

90N

90N

8m 3m 3m

A الف( حول نقطة
O ب( حول نقطة

ج( با استفاده از خاصیت زوج نیرو

A

O

M N.m

M N.m

M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

A

O

M N.m

M N.m

M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

A

O

M N.m

M N.m

M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

محاسبة  مطلوب است  روبه رو  شکل  در 
گشتاور دو نیروی 90 نیوتنی:

حل:

الف(

ب(

ج(
م مربوط به این موضوع را ببینید.

فیل
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خلاصه فصل
• نیرو کمیتی است برداری که باعث حرکت، تغییر شکل و یا چرخش اجسام می گردد.

• انواع نیرو عبارتند از: نیروهای خارجی، نیروهای داخلی.
• منظور از برآیند دو یا چند نیرو عبارت است از نیرویی که به تنهایی اثر همة نیروها را در 

خود داشته باشد.
• برای تعیین برآیند چند نیرو از روش تجزیه به مؤلفه های متعامد استفاده می شود و مقدار 

x yR ( F ) ( F )2 2= Σ + Σ برآیند از رابطة 

y به دست می آید.

x

F
tan

F
1− Σ

θ =
Σ و زاویة برآیند با محور x ها از رابطة 

• گشتاور یک نیرو نسبت به یک محور عبارت است از حاصل ضرب نیرو )F( در کوتاه ترین 
M به دست می آید. F.d= فاصلة نیرو تا آن محور )d(. و از رابطة 

مجموع  با  است  برابر  معین  نقطة  یک  حول  نیرو  چند  برآیند  گشتاور  وارینون:  قضیه   •
گشتاورهای آن ها حول همان نقطه.

• به دو نیروی مساوی، موازی و مختلف الجهت زوج نیرو گفته می شود.
• گشتاور زوج نیرو برابر است با حاصل ضرب یکی از نیروها در فاصلة بین آن ها.



41

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

خودآزمایی

1- در شکل های زیر مطلوب است:
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ج( محاسبة زاویة برآیند با امتداد افق
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2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?

Problem 2/27
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2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.

Problem 2/25
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2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?
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2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.

Problem 2/25
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2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?
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2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.

Problem 2/25
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2/17 Refer to the mechanism of the previous problem.

Develop general expressions for the n- and t-compo-

nents of the tension T applied to point A. Then eval-

uate your expressions for 

and 

2/18 The ratio of the lift 
force L to the drag force D for

the simple airfoil is 

If th
e lift 

force on a

short section of the airfoil is 50 lb, compute the

magnitude of the resultant force R and the angle 

which it m
akes with the horizontal.

Problem 2/18

2/19 Determine the resultant R
of the two forces applied

to the bracket. Write R in terms of unit vectors

along the x- and y-axes shown.

Problem 2/19

2/20 Determine the scalar components 
and 

of the

force R along the nonrectangular axes a and b. Also

determine the orthogonal projection 
of R onto

axis a.

Pa

Rb

Ra

35°

30°

y

y

x

200 N

150 N

20°

'

x'

Air flow

C

D

L

�

L/D � 10.

� � 35�.

T � 100 N
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Problem 2/20

2/21 Determine the components of the 800-lb force F

along the oblique axes a and b. Also, determine the

projections of F onto the a- and b-axes.

Problem 2/21

2/22 Determine the components 
and 

of the 4-kN

force along the oblique axes a and b. Determine the

projections and of F onto the a- and b-axes.

Problem 2/22

y b

a

x

O

F = 4 kN

15°

30° 40°

Pb

Pa

Fb

Fa

a

b

F  =  800 lb

45°
60°

O

a

b

110°

30°
R = 800 N

2/17 Refer to the mechanism of the previous problem.

Develop general expressions for the n- and t-compo-

nents of the tension T applied to point A. Then eval-

uate your expressions for 

and 

2/18 The ratio of the lift 
force L to the drag force D for

the simple airfoil is 

If th
e lift 

force on a

short section of the airfoil is 50 lb, compute the

magnitude of the resultant force R and the angle 

which it m
akes with the horizontal.

Problem 2/18

2/19 Determine the resultant R
of the two forces applied

to the bracket. Write R in terms of unit vectors

along the x- and y-axes shown.

Problem 2/19

2/20 Determine the scalar components 
and 

of the

force R along the nonrectangular axes a and b. Also

determine the orthogonal projection 
of R onto

axis a.
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Problem 2/20

2/21 Determine the components of the 800-lb force F

along the oblique axes a and b. Also, determine the

projections of F onto the a- and b-axes.

Problem 2/21

2/22 Determine the components 
and 

of the 4-kN

force along the oblique axes a and b. Determine the

projections and of F onto the a- and b-axes.

Problem 2/22

y b
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a

b

F  =  800 lb

45°
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110°
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R = 800 N

θ

30°

200 N

150 N

2- در شکل زیر مقدار زاویه θ را چنان تعیین نمایید که برآیند دو نیرو بر محور y ها منطبق 
گردد. سپس در این حالت مقدار برآیند را محاسبه کنید.
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3- در شکل روبه رو مطلوب است:
الف( محاسبة مقدار برآیند نیروها

ب( محاسبة زاویة برآیند با افق
ج( ترسیم بردار برآیند

د( نمایش برداری بردار برآیند

4- در شکل زیر نیروی F و زاویه θ  را طوری تعیین نمایید که برآیند روی محور افق قرار 
گیرد و مقدار آن برابر N 876/6 باشد.

و جهت  نموده  محاسبه  پیچ  مرکز  را حول  نیوتنی  نیروی 250  زیر گشتاور  در شکل   -5
گشتاور را تعیین نمائید.

PROBLEMS
Introductory Problems

2/31 The 4-kN force F is applied at point A. Compute the
moment of F about point O, expressing it both as
a scalar and as a vector quantity. Determine the
coordinates of the points on the x- and y-axes
about which the moment of F is zero.

Problem 2/31

2/32 The rectangular plate is made up of 1-ft squares as
shown. A 30-lb force is applied at point A in the di-
rection shown. Calculate the moment of the force
about point B by at least two different methods.

Problem 2/32

2/33 The throttle-control sector pivots freely at O. If an
internal torsional spring exerts a return moment

on the sector when in the position
shown, for design purposes determine the necessary
throttle-cable tension T so that the net moment
about O is zero. Note that when T is zero, the sector
rests against the idle-control adjustment screw at R.

M � 1.8 N � m

x

A

B

y

1 ft

30 lb

1 ft

MB

y, m

x, m

5

3

F = 4 kN

A (1.2, 1.5)

O

Article 2/4 Problems 43

Problem 2/33

2/34 The force of magnitude F acts along the edge of the
triangular plate. Determine the moment of F about
point O.

Problem 2/34

2/35 Calculate the moment of the 250-N force on the
handle of the monkey wrench about the center of
the bolt.

Problem 2/35

200 mm

30 mm

15°

250 N

b

F

A

B

O

h

M

Q

R

P

T

50 mm

O

200 mm

250 N
15°

30 mm

PROBLEMS
Introductory Problems

2/79 Two rods and one cable are attached to the support
at O. If two of the forces are as shown, determine
the magnitude F and direction of the third force so
that the resultant of the three forces is vertically
downward with a magnitude of 1200 lb.

Problem 2/79

2/80 Determine the resultant R of the three tension
forces acting on the eye bolt. Find the magnitude of
R and the angle which R makes with the positive
x-axis.

Problem 2/80

20 kN

30°

45°

y

x

8 kN

4 kN

�x

45° 30°
O

1000 lb
F

500 lb

θ

x

y

�

Article 2/6 Problems 61

2/81 Determine the equivalent force–couple system at
the center O for each of the three cases of forces
being applied along the edges of a square plate of
side d.

Problem 2/81

2/82 Determine the equivalent force–couple system at
the origin O for each of the three cases of forces
being applied along the edges of a regular hexagon
of width d. If the resultant can be so expressed, re-
place this force–couple system with a single force.

Problem 2/82

2/83 Where does the resultant of the two forces act?

Problem 2/83

500
mm

300
mm

680 N

660 N

A

F

F

F
F

x

y

d

d

O

(a)

F F
F

x

y

O

(b)

d
FF

F

x

y

O

(c)

FF

x

y

d

d O

(a)

F

F

x

y

d

O

(b)

F

F

x

y

d

O

(c)

45°

30°

4 kN

8 kN

20 kN

PROBLEMS
Introductory Problems

2/79 Two rods and one cable are attached to the support
at O. If two of the forces are as shown, determine
the magnitude F and direction of the third force so
that the resultant of the three forces is vertically
downward with a magnitude of 1200 lb.

Problem 2/79

2/80 Determine the resultant R of the three tension
forces acting on the eye bolt. Find the magnitude of
R and the angle which R makes with the positive
x-axis.

Problem 2/80
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45° 30°
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1000 lb
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2/81 Determine the equivalent force–couple system at
the center O for each of the three cases of forces
being applied along the edges of a square plate of
side d.

Problem 2/81

2/82 Determine the equivalent force–couple system at
the origin O for each of the three cases of forces
being applied along the edges of a regular hexagon
of width d. If the resultant can be so expressed, re-
place this force–couple system with a single force.

Problem 2/82

2/83 Where does the resultant of the two forces act?

Problem 2/83
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660 N
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1000 N

45° 30°
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6- در شکل های زیر گشتاور نیرو را حول نقطه A محاسبه نمائید.

)الف(

2/65 The 7-lb force is applied by the control rod on the
sector as shown. Determine the equivalent force–
couple system at O.

Problem 2/65

2/66 Replace the 10-kN force acting on the steel column
by an equivalent force–couple system at point O.
This replacement is frequently done in the design of
structures.

Problem 2/66

1 m

10 kN

O

75 mm

A

T = 7 lb

15°

30°

15°O

3"

54 Chapter 2 Force Systems

2/63 Determine the moment associated with the couple
applied to the rectangular plate. Reconcile the
results with those for the individual special cases of

and

Problem 2/63

2/64 As part of a test, the two aircraft engines are revved
up and the propeller pitches are adjusted so as to re-
sult in the fore and aft thrusts shown. What force F
must be exerted by the ground on each of the main
braked wheels at A and B to counteract the turning
effect of the two propeller thrusts? Neglect any ef-
fects of the nose wheel C, which is turned and
unbraked.

Problem 2/64

500 lb

C

A

B
500 lb

8′ 14′

90�

b

h

F

F

θ

θ

h � 0.� � 0, b � 0,

2/65 The 7-lb force is applied by the control rod on the
sector as shown. Determine the equivalent force–
couple system at O.

Problem 2/65

2/66 Replace the 10-kN force acting on the steel column
by an equivalent force–couple system at point O.
This replacement is frequently done in the design of
structures.

Problem 2/66

1 m

10 kN

O

75 mm

A

T = 7 lb

15°

30°

15°O

3"

54 Chapter 2 Force Systems

2/63 Determine the moment associated with the couple
applied to the rectangular plate. Reconcile the
results with those for the individual special cases of

and

Problem 2/63

2/64 As part of a test, the two aircraft engines are revved
up and the propeller pitches are adjusted so as to re-
sult in the fore and aft thrusts shown. What force F
must be exerted by the ground on each of the main
braked wheels at A and B to counteract the turning
effect of the two propeller thrusts? Neglect any ef-
fects of the nose wheel C, which is turned and
unbraked.

Problem 2/64

500 lb

C

A

B
500 lb

8′ 14′

90�

b

h

F

F

θ

θ

h � 0.� � 0, b � 0,

A

10 kN

1 m

75 mm

)ج(

Problem 2/175

2/176 Reduce the given loading system to a force–couple
system at point A. Then determine the distance x
to the right of point A at which the resultant of the
three forces acts.

Problem 2/176

2/177 Represent the resultant of the three forces and
couple by a force–couple system located at point A.

Problem 2/177

2 m

3.5 m
1.5 m

2.5 m

3 kN

4 kN

10 kN·m

5 kN
160°

A

20″8″

18″

200 lb

300 lb

180 lb

A

100 N

160 N

240 N

600 mm

600 mm

A

600 mm

102 Chapter 2 Force Systems

2/173 The control lever is subjected to a clockwise couple
of exerted by its shaft at A and is designed
to operate with a 200-N pull as shown. If the resul-
tant of the couple and the force passes through A,
determine the proper dimension x of the lever.

Problem 2/173

2/174 Calculate the moment of the 250-N force about
the base point O of the robot.

Problem 2/174

2/175 Replace the three forces shown by an equivalent
force–couple system at point A. If the forces are
replaced by a single resultant force, determine the
distance d below point A to its line of action.

A

B

C

400 mm

300 mm

250 N

20°

60°

O

500 mm

MO

150 mm

200 N

x

20°

A

80 N � m

200N 180N

300N
1m 1/20m 1m

)ب(

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131

A

3′

C B

3′

12′′800 lb 1000 lb

3′ 3′
600 lb

A B
M0

l––
3

l––
3

l––
3

A

C

B

l/2 l/2

A

B

4 kN

2 kN

2 m 2 m 2 m

286 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

BA

42′′

12′

l––
2

l––
2

PP

A

x

A B

P
2l–––
3

l––
3

x � l /2?

L
2

L
2
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Problem 2/38

Representative Problems

2/39 The slender quarter-circular member of mass m is
built-in at its support O. Determine the moment of
its weight about point O. Use Table D/3 as neces-
sary to determine the location of the mass center of
the body.

Problem 2/39

2/40 The 30-N force P is applied perpendicular to the
portion BC of the bent bar. Determine the moment
of P about point B and about point A.

Problem 2/40

C

B
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P  =  30 N

45°

1.6 m

1.6 m

b

O

m

20°

F = 60 N

r = 100 mm

O

44 Chapter 2 Force Systems

2/36 The tension in cable AB is 100 N. Determine the
moment about O of this tension as applied to point
A of the T-shaped bar. The dimension b is 600 mm.

Problem 2/36

2/37 A prybar is used to remove a nail as shown. Deter-
mine the moment of the 60-lb force about the point
O of contact between the prybar and the small sup-
port block.

Problem 2/37

2/38 A force F of magnitude 60 N is applied to the gear.
Determine the moment of F about point O.
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moment about O of this tension as applied to point
A of the T-shaped bar. The dimension b is 600 mm.

Problem 2/36

2/37 A prybar is used to remove a nail as shown. Deter-
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7- گشتاور نیروی P حول نقطة A و B را به دست آورید.
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4-1             تعادل 
نداشته  یا چرخشی  یا جسم مادی هیچ گونه حرکت و  تعادل آن است که ذره  مفهوم 

باشد.
به منظور بررسی تعادل اجسام، آن ها را به دو حالت در نظر می گیریم.

1- نقطه مادی
2- جسم صلب                        .

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- مفهوم تعادل را توضیح دهد.

2- شرط تعادل نقطة مادی را بیان کند.
3- پیکر آزاد ذرة مادی را ترسیم کند.

4- شرط تعادل نقطة مادی را در مسائل به کار گیرد.
5- شروط لازم برای تعادل جسم صلب را توضیح دهد.

6- انواع تکیه گاه ها را بشناسد.
7- پیکر آزاد اجسام تحت تأثیر نیروهای مختلف را ترسیم کند.

8- عکس العمل های تکیه گاهی را در اجسام محاسبه کند.
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4-1-1- تعادل نقطة مادی
با توجه به تعریف نقطة مادی در فصل اول، نیروهای وارد به جسم در یک نقطه متقارب 

خواهند بود و شرط تعادل در این حالت آن است که برآیند نیروهای وارده صفر باشد یعنی:

 F 0∑ =


  
        )1-4(

در صفحه مختصات دکارتی رابطة )4-1( را می توان به صورت زیر نوشت:

x

y

F
F

F

0
0

0

∑ =∑ = ⇒ 
∑ =







               
  )2-4(   

              

در شکل )4-1- الف( چنان چه 
از ابعاد قطعات اتصال صرف نظر شود، 
وضعیت نیروها به صورت شکل )1-4- 

ب( خواهند بود.

شکل 1-4

for all sections. We assume here that the weight of the member is small
compared with the force it supports. If it is not, or if we must account
for the small effect of the weight, we can replace the weight W of the
member by two forces, each W/2 if the member is uniform, with one
force acting at each end of the member. These forces, in effect, are
treated as loads externally applied to the pin connections. Accounting
for the weight of a member in this way gives the correct result for the
average tension or compression along the member but will not account
for the effect of bending of the member.

Truss Connections and Supports
When welded or riveted connections are used to join structural

members, we may usually assume that the connection is a pin joint if
the centerlines of the members are concurrent at the joint as in Fig. 4/5.

We also assume in the analysis of simple trusses that all external
forces are applied at the pin connections. This condition is satisfied in
most trusses. In bridge trusses the deck is usually laid on cross beams
which are supported at the joints, as shown in Fig. 4/1.

For large trusses, a roller, rocker, or some kind of slip joint is used
at one of the supports to provide for expansion and contraction due to
temperature changes and for deformation from applied loads. Trusses
and frames in which no such provision is made are statically indetermi-
nate, as explained in Art. 3/3. Figure 3/1 shows examples of such joints.

Two methods for the force analysis of simple trusses will be given.
Each method will be explained for the simple truss shown in Fig. 4/6a.
The free-body diagram of the truss as a whole is shown in Fig. 4/6b. The
external reactions are usually determined first, by applying the equilib-
rium equations to the truss as a whole. Then the force analysis of the re-
mainder of the truss is performed.

4/3 Method of Joints
This method for finding the forces in the members of a truss con-

sists of satisfying the conditions of equilibrium for the forces acting on
the connecting pin of each joint. The method therefore deals with the
equilibrium of concurrent forces, and only two independent equilibrium
equations are involved.

We begin the analysis with any joint where at least one known load
exists and where not more than two unknown forces are present. The
solution may be started with the pin at the left end. Its free-body dia-
gram is shown in Fig. 4/7. With the joints indicated by letters, we usu-
ally designate the force in each member by the two letters defining the
ends of the member. The proper directions of the forces should be evi-
dent by inspection for this simple case. The free-body diagrams of por-
tions of members AF and AB are also shown to clearly indicate the
mechanism of the action and reaction. The member AB actually makes
contact on the left side of the pin, although the force AB is drawn from
the right side and is shown acting away from the pin. Thus, if we consis-
tently draw the force arrows on the same side of the pin as the member,
then tension (such as AB) will always be indicated by an arrow away

176 Chapter 4 Structures

Figure 4/5

Figure 4/6
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4-1-1-2- پیکر آزاد جسم 
به منظور بررسی تعادل اجسام، لازم است ابتدا جسم را از محیط اطراف خود جدا نموده و 
نیروهای وارد بر آن را در راستاهای موجود نمایش دهیم که به این عمل، ترسیم پیکر آزادجسم1 

گفته می شود.

در شکل )4-2( وزنة 20N توسط سه رشته کابل AB و BC و BD نگهداری شده 
است. چون کابل ها فقط نیروی کششی را تحمل می نمایند بنابراین نیروهای وارد به نقطه B به 

صورت کششی بوده و پیکر آزاد آن مطابق شکل )4-3( خواهد بود.

نکته:
کمک  به  سپس  و  نموده  ترسیم  آن را  آزاد  پیکر  ابتدا  مادی،  نقطة  تعادل  مسائل  حل  در 

معادلات تعادل )4-2( مجهولات مسئله را محاسبه می نمائیم.

1- FBD (Free Body Diagram)

شکل 2-4

شکل 3-4

20N

45°

45°

20 N
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حل:
گام اول( با توجه به این موضوع که تمامی نیروها به نقطه A وارد می شوند بنابراین پیکر 

که  می دانیم  می گردد.  ترسیم   A مادی  نقطه  آزاد 
بنابراین نیروی  کابل ها همیشه رفتار کششی دارند 
 TAC و TAB را به ترتیب با AC و AB کابل های
نمایش  را  کدام  هر  زوایای  و  کششی  صورت  به 

می دهیم.

مثال 1
کشش کابل های AB و AC را در سامانة در حال تعادل زیر به دست آورید.

 y و x گام دوم( تعیین محورهای مختصات
روی نقطه A و تجزیه نیروها در این دستگاه 

مختصات

60°30°

50kN

TABsin60

TACsin30TAC

TAB

A

y

x
TACcos30 TABcos60

60°30°

50kN

A

TAB
TAC

60°

30°

w=50kN

A

B

C
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4-1-2- تعادل جسم صلب
در قسمت قبل بنا به فرض، اجسام را به عنوان یک نقطه مادی در نظر گرفتیم. در حالی که چنین 
فرضی همیشه امکان پذیر نخواهد بود و نمی توان از ابعاد جسم صرف نظر نمود بنابراین در این حالت 
نیروها در یک نقطه متقارب نخواهند بود و علاوه بر حرکت، امکان دَوَران )گشتاور( جسم تحت تأثیر 

نیروهای وارده نیز وجود دارد. لذا شرط تعادل در مورد اجسام صلب به صورت زیر خواهد بود:
1- برای این که جسم در راستای محور x جابه جایی نداشته باشد باید:
2- برای این که جسم در راستای محور y جابه جایی نداشته باشد باید:

3- برای این که جسم چرخش نداشته باشد باید:

X

Y

F
F
M

0
0
0

Σ = ←
Σ = ←
Σ = ←

گام سوم( تشکیل معادلات تعادل )4-2( و حل آن ها تا رسیدن به خواسته های مسئله

Ιرابطه

ΙΙ رابطه

چون حل هر یک از معادلات فوق با وجود دو مجهول امکان پذیر نیست بنابراین آن ها را 
در یک دستگاه دو معادله دو مجهولی قرار داده که با استفاده از روش های مختلف قابل 

حل است.
در این جا از معادله اول یکی از مجهولات را بر حسب دیگری محاسبه و در معادله دوم قرار 

می دهیم تا یکی از مجهولات حذف شود:
از رابطه Ι نتیجه می شود

مقدار TAB را در رابطه ΙΙ قرار داده خواهیم داشت:

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

AC
AB AB AC

T cosT T / T
cos

30 1 73
60

⇒ = ⇒ = ΙΙΙ رابطه

ΙΙΙ از رابطة

AC AC AC

AC

AC

AB

AB

/ T sin T sin T

T

T kN

T /

T / kN

1 73 60 30 50 0 2 50 0
50
2

25

1 73 25

43 25

× + − = ⇒ − =

=

⇒ =

⇒ = ×

⇒ =

 

حال مقدار TAC را در رابطة ΙΙΙ قرار می دهیم:

)3-4(

م مربوط به این موضوع را ببینید.
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4-2             انواع تکیه گاه ها و عکس العمل های آن ها 
برای بررسی تعادل اجسام صلب، همانند نقاط مادی باید ابتدا پیکر آزاد آن ها را ترسیم 
نمود. برای این منظور، باید جسم را از محیط اطراف آن جدا نمائیم و چون اجسام بر روی 
تکیه گاه هایی قرار دارند که با توجه به نوع آن ها مانع از حرکت )جابه جایی( و یا چرخش 

جسم می گردند، لازم است ابتدا تکیه گاه ها و عکس العمل های آن ها را معرفی نمائیم.
تعریف عکس العمل تکیه گاهی 

حفظ  جهت  در  تکیه گاه  که  است  واکنشی  اجسام  تکیه گاهی  عکس العمل  از  منظور 
تعادل آن ها از خود نشان می دهد و مانع از حرکت و یا دوران جسم مورد نظر می شود.

4-2-1- انواع تکیه گاه ها 
الف( تکیه گاه غلطکی )یک مجهولی( 

عبارت است  از تکیه گاهی که تنها یک عکس العمل آن هم عمود بر سطح اتکای خود 
دارد؛ همانند چرخ اتومبیل روی سطح بدون اصطکاک.

ب( تکیه گاه مفصلی )دومجهولی( 
به تکیه گاهی گفته می شود که دارای دو عکس العمل می باشد؛ یکی مماس بر سطح اتکا 

و دیگری عمود بر آن خواهد بود.
ج( تکیه گاه گیردار )سه مجهولی( 

تکیه گاهی است که دارای سه عکس العمل به شرح زیر
 می باشد:

1- مماس بر سطح تکیه گاه
2- عمود بر سطح تکیه گاه

3- عکس العمل دورانی
د( تکیه گاه میله ای

منظور از میله عضوی کوتاه است که در دو انتهای خود به صورت لولا یا مفصل متصل شده 
باشد. عکس العمل تکیه گاه میله ای در راستای میله و به صورت کششی یا فشاری خواهد بود.

ه( تکیه گاه کابلی:
هر گاه جسم توسط کابل به تکیه گاه متصل شود، عکس العمل کابل به صورت کششی 

و در راستای آن خواهد بود.
در جدول )4-1( انواع تکیه گاه ها و عکس العمل های آن ها معرفی شده اند.

م مربوط به این موضوع را ببینید.
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3/4 The uniform beam has a mass of 50 kg per meter of
length. Determine the reactions at the supports.

Problem 3/4

3/5 The 500-kg uniform beam is subjected to the three
external loads shown. Compute the reactions at the
support point O. The x-y plane is vertical.

Problem 3/5

3/6 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.
The mass center of member AC is at G.
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PROBLEMS
Introductory Problems

3/1 The 50-kg homogeneous smooth sphere rests on the
incline A and bears against the smooth vertical

wall B. Calculate the contact forces at A and B.

Problem 3/1

3/2 A carpenter holds a 12-lb 2-in. by 4-in. board as shown.
If he exerts vertical forces on the board, determine
the forces at A and B.

Problem 3/2

3/3 The weight of the bicycle is 29 lb with center of grav-
ity at G. Determine the normal forces at A and B
when the bicycle is in equilibrium.

Problem 3/3
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write the appropriate equations of equilibrium, which can then be
analyzed.

Modeling the Action of Forces
Figure 3/1 shows the common types of force application on mechani-

cal systems for analysis in two dimensions. Each example shows the
force exerted on the body to be isolated, by the body to be removed. New-
ton’s third law, which notes the existence of an equal and opposite reac-
tion to every action, must be carefully observed. The force exerted on
the body in question by a contacting or supporting member is always in
the sense to oppose the movement of the isolated body which would
occur if the contacting or supporting body were removed.
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5. Freely sliding guide
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Force exerted by 
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always a tension away 
from the body in the 
direction of the cable.

Contact force is 
compressive and is 
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capable of supporting 
a tangential compo-
nent F (frictional 
force) as well as a 
normal component 
N of the resultant 
contact force R.

Roller, rocker, or ball 
support transmits a 
compressive force 
normal to the 
supporting surface.

Collar or slider free to 
move along smooth 
guides; can support 
force normal to guide 
only.
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In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.
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Figure 3/1, continuedIn Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
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the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
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Figure 3/1, continued

3/4 The uniform beam has a mass of 50 kg per meter of
length. Determine the reactions at the supports.

Problem 3/4

3/5 The 500-kg uniform beam is subjected to the three
external loads shown. Compute the reactions at the
support point O. The x-y plane is vertical.

Problem 3/5

3/6 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.
The mass center of member AC is at G.

Problem 3/6
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PROBLEMS
Introductory Problems

3/1 The 50-kg homogeneous smooth sphere rests on the
incline A and bears against the smooth vertical

wall B. Calculate the contact forces at A and B.

Problem 3/1

3/2 A carpenter holds a 12-lb 2-in. by 4-in. board as shown.
If he exerts vertical forces on the board, determine
the forces at A and B.

Problem 3/2

3/3 The weight of the bicycle is 29 lb with center of grav-
ity at G. Determine the normal forces at A and B
when the bicycle is in equilibrium.

Problem 3/3

G

18.5″ 22.5″
A B

A
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5/199 A fresh-water channel 10 ft wide (normal to the
plane of the paper) is blocked at its end by a rec-
tangular barrier, shown in section ABD. Support-
ing struts BC are spaced every 2 ft along the 10-ft
width. Determine the compression C in each strut.
Neglect the weights of the members.

Problem 5/199

5/200 A channel-marker buoy consists of an 8-ft hollow
steel cylinder 12 in. in diameter weighing 180 lb
and anchored to the bottom with a cable as shown.
If at high tide, calculate the tension T in
the cable. Also find the value of h when the cable
goes slack as the tide drops. The specific weight of
sea water is . Assume the buoy is weighted
at its base so that it remains vertical.

Problem 5/200
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64 lb /ft3
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C
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5/197 The solid concrete cylinder 6 ft long and 4 ft in 
diameter is supported in a half-submerged position
in fresh water by a cable which passes over a fixed
pulley at A. Compute the tension T in the cable.
The cylinder is waterproofed by a plastic coating.
(Consult Table D/1, Appendix D, as needed.)

Problem 5/197

5/198 A block of wood in the form of a waterproofed 16-in.
cube is floating in a tank of salt water with a 6-in.
layer of oil floating on the water. Assume that the
cube floats in the attitude shown, and calculate the
height h of the block above the surface of the oil.
The specific weights of oil, salt water, and wood are
56, 64, and , respectively.

Problem 5/198
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51Problems 2.74 The angle between each of the springs AB and AC and the post 
DA is 30°. Knowing that the tension is 50 lb in spring AB and 40 lb 
in spring AC, determine the magnitude and direction of the resul-
tant of the forces exerted by the springs on the post at A.

 2.75 Determine the two possible values of uy for a force F, (a) if the 
force forms equal angles with the positive x, y, and z axes, (b) if 
the force forms equal angles with the positive y and z axes and an 
angle of 45° with the positive x axis.

 2.76 Knowing that the tension in AB is 39 kN, determine the required 
values of the tension in AC and AD so that the resultant of the 
three forces applied at A is vertical.
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T1

T2
T3

FBC

In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
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the stiffness k is the 
force required to 
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unit distance.

Pin free to turn

Pin not free to turn

Ry

Rx

Ry

Rx

R

Weld

A

M

F

V

or
AA

W = mg

F

Gm

F
x

F = kx
Hardening

NonlinearLinear
Neutral
position

Softening

F

x

F

x

θ

θ

M

Figure 3/1, continued
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4-3             محاسبه عکس العمل های تکیه گاهی اجسام صلب  
 )3-4( معادلات  شدن  آورده  بر  صلب  اجسام  تعادل  شرط  شد  گفته  که  همان طور 

می باشد و برای نیل به این هدف به صورت زیر عمل می نمائیم.
گام اول - ترسیم پیکر آزاد جسم 

ابتدا جسم را از تکیه گاه ها جدا نموده و با توجه به نوع تکیه گاه، عکس العمل های 
مربوطه را در محل تکیه گاه و در جهت دلخواه قرار می دهیم. به عنوان مثال پیکر آزاد تیر شکل 

)4-4-الف( به صورت شکل )4-4-ب( خواهد بود.

گام دوم - تجزیة نیروها 
تجزیه  آن  مؤلفه های  به  وجود  صورت  در  آزاد  پیکر  روی  را  مورب  نیروهای  همة 

می نمائیم. به عنوان مثال در شکل )4-4-ب( نیروی P به دو مؤلفة متعامد تجزیه شده است.
گام سوم - تشکیل معادلات و حل آن ها 

تعیین  )عکس العمل ها(  مسئله  مجهولات  آن ها  حل  و  تعادل  معادلات  تشکیل  با 
می شوند.
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5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18
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ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples
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عکس العمل های تکیه گاهی تیر زیر را به دست آورید .

گام اول: 
ترسیم پیکر آزاد جسم 

گام دوم: 
 P تجزیه نیروی

گام سوم : تشکیل معادلات تعادل وحل آنها

لازم به توضیح است که علامت منفی در جواب فوق به این معنی است که جهت صحیح 
عکس العمل Bx در پیکر آزاد تیر به سمت چپ می باشد
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SECTION BSPECIAL TOPICS

5/6Beams—External Effects
Beamsare structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the externalloading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internalforce and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples
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مثال 3
عکس العمل های تکیه گاهی را در خرپای شکل زیر به دست آورید. 
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4/7 Determine the force in each member of the loaded
truss. Make use of the symmetry of the truss and of
the loading.

Problem 4/7

4/8 Determine the force in each member of the loaded
truss.

Problem 4/8

4/9 Determine the force in each member of the loaded
truss.
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Article 4/3 Problems 183

4/10 Calculate the force in each member of the loaded
truss.

Problem 4/10

4/11 Determine the forces in members AB, BC, and BD
of the loaded truss.

Problem 4/11

Representative Problems

4/12 Determine the force in each member of the loaded
truss. All triangles are isosceles.
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نکته: 

هرگاه بارگذاری و هندسه سازه ای متقارن باشند کل بارهای وارده به صورت مساوی بین 
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محور تقارن

Case 3—Both elements have yielded. In this case both elements have yielded, and
the appropriate material behavior equations (replacing Eqs. 3.34 and 3.36) are:

(3.37)

Combining these with the equilibrium equation, Eq. 3.32, we get the value of the
plastic load PP.

Plastic Load (3.38)

This plastic load is reached when member 1 also yields, so equating the strain in
member 1 to �Y/E, we get

(e)

or

(f)

Note that

(g,h)

The above elastic-plastic analysis is summarized on the load-displacement diagram
in Fig. 3.29, with the ranges of applicability of the three cases indicated on the plot.
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201
Inelastic Axial Deformation

Material
Behavior—
Case 3

E X A M P L E  3 . 2 2

The two support rods in Fig. 1 are made of structural steel that may be
assumed to have a stress-strain diagram like Fig. 3.28b, with E � 30(103)
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Case 3—Both elements have yielded. In this case both elements have yielded, and
the appropriate material behavior equations (replacing Eqs. 3.34 and 3.36) are:

(3.37)

Combining these with the equilibrium equation, Eq. 3.32, we get the value of the
plastic load PP.

Plastic Load (3.38)

This plastic load is reached when member 1 also yields, so equating the strain in
member 1 to �Y/E, we get

(e)

or

(f)

Note that

(g,h)

The above elastic-plastic analysis is summarized on the load-displacement diagram
in Fig. 3.29, with the ranges of applicability of the three cases indicated on the plot.
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�1P �
uP

L1
�
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 F2 � �sYA2

 F1 � sYA1
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The two support rods in Fig. 1 are made of structural steel that may be
assumed to have a stress-strain diagram like Fig. 3.28b, with E � 30(103)
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خودآزمایی

1- پیکر آزاد هر کدام از شکل های زیر را رسم نمائید.

)الف(

3/B In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and either
a wrong or an incomplete free-body diagram (FBD) is
shown on the right. Make whatever changes or addi-
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tions are necessary in each case to form a correct and
complete free-body diagram. The weights of the bod-
ies are negligible unless otherwise indicated. Dimen-
sions and numerical values are omitted for simplicity.

Problem 3/B

mg

mg
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Wrong or Incomplete FBDBody
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PLawn roller of 
mass m being
pushed up 
incline .

5. Bent rod welded to
support at A and 
subjected to two 
forces and couple.

4. Supporting angle
bracket for frame;
pin joints.

3. Uniform pole of 
mass m being
hoisted into posi-
tion by winch.
Horizontal sup-
porting surface
notched to prevent
slipping of pole.

2. Prybar lifting
body A having
smooth horizontal 
surface. Bar rests 
on horizontal 
rough surface.

P

T

R

R

A

Notch

y

x

M

F

M

F

P

A y

F

A

A

B

P

A

B

)ب(

necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Problem 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.
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diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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خلاصة فصل
• مفهوم تعادل آن است که ذره یا جسم مادی هیچ گونه حرکت و یا چرخشی نداشته باشد.

• شرط تعادل نقطه مادی آن است که برآیند نیروهای وارد بر آن صفر باشد یعنی:

x

y

F
F

F

0
0

0

∑ =∑ = ⇒ 
∑ =







X

Y

F
F
M

0
0
0

Σ = ←
Σ = ←
Σ = ←

• هرگاه جسم یا نقطه مادی را از محیط اطراف خود جدا و نیروهای وارد بر آن ها را در 
راستاهای موجود نمایش دهیم، پیکر آزاد جسم و یا نقطه مادی را ترسیم نموده ایم.

• شرایط تعادل جسم صلب عبارت است از:

• برای تعیین عکس العمل های تکیه گاهی از معادلات تعادل جسم صلب و یا نقطة مادی 
استفاده می شود.



59

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

2- کشش کابل ها را در شکل زیر به دست آورید.
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SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples
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Figure 5/18
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PROBLEMS

38

 2.32 through 2.35 Two cables are tied together at C and loaded 
as shown. Determine the tension in AC and BC.

 2.36 Two cables are tied together at C and loaded as shown. Knowing 
that P 5 500 N and a 5 60°, determine the tension in AC
and BC.
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necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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FREE-BODY DIAGRAM EXERCISES

3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Problem 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.

4. Uniform crate of
    mass m leaning
    against smooth
    vertical wall and
    supported on a 
    rough horizontal
    surface.

5. Loaded bracket
    supported by pin

connection at A and
    fixed pin in smooth
    slot at B.
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4- مقدار TA و TB را طوری تعیین کنید که تعادل در اتصال شکل زیر برقرار باشد.

39Problems 2.37 Two forces of magnitude TA 5 8 kips and TB 5 15 kips are applied 
as shown to a welded connection. Knowing that the connection is in 
equilibrium, determine the magnitudes of the forces TC and TD.

 2.38 Two forces of magnitude TA 5 6 kips and TC 5 9 kips are applied 
as shown to a welded connection. Knowing that the connection is in 
equilibrium, determine the magnitudes of the forces TB and TD.

 2.39 Two forces of magnitude TA 5 5000 N and TB 5 2500 N are 
applied as shown to the connection shown. Knowing that the con-
nection is in equilibrium, determine the magnitudes of the forces 
TC and TD.

 2.40 Determine the range of values of P for which both cables remain 
taut.

 2.41 For the cables of Prob. 2.36, it is known that the maximum allow-
able tension is 600 N in cable AC and 750 N in cable BC. Deter-
mine (a) the maximum force P that can be applied at C, (b) the 
corresponding value of a.

 2.42 Two ropes are tied together at C. If the maximum permissible 
tension in each rope is 2.5 kN, what is the maximum force F that 
can be applied? In what direction must this maximum force act?
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3- مقدار نیروی F  و زاویة θ را طوری تعیین کنید که ذرة مادی P در حال تعادل باشد.
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146 Equilibrium of Rigid Bodies  4.12 The lever AB is hinged at C and attached to a control cable at A. 
If the lever is subjected at B to a 500-N horizontal force, determine 
(a) the tension in the cable, (b) the reaction at C.

 4.13 Determine the reactions at A and B when a 5 608.

250 mm

250 mm

200 mm

C

B

D

A

500 N

30º

 Fig. P4.12

250 mm

A

B

300 mm

250 mm

400 N

α

 Fig. P4.13

 4.14 The required tension in cable AB is 300 lb. Determine (a) the 
vertical force P that must be applied to the pedal, (b) the corre-
sponding reaction at C.

12 in.3 in.

5 in. P

A B

C

D

 Fig. P4.14 and P4.15

 4.15 Determine the maximum tension that can be developed in cable 
AB if the maximum allowable magnitude of the reaction at C is 
650 lb.

 4.16 A truss may be supported in three different ways as shown. In each 
one, determine the reactions at the supports.

2 kN
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1.5 m

1.5 m

2 m

(a)

BA

2 kN

3 kN

2 kN

(b)

BA

(c)

30�

2 kN

3 kN

2 kN

BA

 Fig. P4.16

bee80156_ch04_130-185.indd Page 146  9/30/09  2:52:50 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-04

= 60°

3m

2/5 m 2/5 m

400 N

SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.

2400 kg
A

B

G

4 m2 m

1.5 m

A

BB

23.5 kN

Ay

Ax

9.81 kN

1.5 m

4 m2 m

33.3 kN

107.1 kN

107.1 kN

A

B

23.5 kN

9.81 kN

4 m2 m

1.5 m

140
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sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.
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forces about point A is zero. The equation obtained will contain neither Ax 
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Since the result is positive, the reaction is directed as assumed.
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that the sum of the horizontal components of all external forces is zero.
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Determination of Ay. The sum of the vertical components must also equal 
zero.
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 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write
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SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.

2400 kg
A

B

G

4 m2 m

1.5 m

A

BB

23.5 kN

Ay

Ax

9.81 kN

1.5 m

4 m2 m

33.3 kN

107.1 kN

107.1 kN

A

B

23.5 kN

9.81 kN

4 m2 m

1.5 m
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 free-body diagram
 of the crane is draw

n. B
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ul-
tiplying the m

asses of the crane and of the crate by g 5
 9.81 m

/s 2, w
e obtain 

the corresponding w
eights, that is, 9810 N

 or 9.81 kN
, and 23 500 N

 or 
23.5 kN

. T
he reaction at pin A

 is a force of unknow
n direction; it is repre-

sented by its com
ponents A

x  and A
y . T

he reaction at the rocker B
 is per-

pendicular to the rocker surface; thus, it is horizontal. W
e assum

e that A
x , 

A
y , and B

 act in the directions show
n.

D
eterm

ination of B. 
W

e express that the sum
 of the m

om
ents of all external 

forces about point A
 is zero. T

he equation obtained w
ill contain neither A

x  
nor A

y , since the m
om

ents of A
x  and A

y  about A
 are zero. M

ultiplying the 
m

agnitude of each force by its perpendicular distance from
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, w
e w

rite
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 0
 

B
 5
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107.1 kN

 
B

 5
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Since the result is positive, the reaction is directed as assum
ed.

D
eterm

ination of A
x . 

T
he m

agnitude of A
x  is determ

ined by expressing 
that the sum

 of the horizontal com
ponents of all external forces is zero.
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 107.1 kN
 5

 0
 

A
x  5

 2
107.1 kN

 
 

A
x  5

 107.1 kN
 m

 
◀

Since the result is negative, the sense of A
x  is opposite to that assum
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dding vectorially the com
ponents A

x  and A
y , w

e find that the reac-
tion at A

 is 112.2 kN
 b
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146 Equilibrium of Rigid Bodies  4.12 The lever AB is hinged at C and attached to a control cable at A. 
If the lever is subjected at B to a 500-N horizontal force, determine 
(a) the tension in the cable, (b) the reaction at C.

 4.13 Determine the reactions at A and B when a 5 608.

250 mm

250 mm

200 mm

C

B

D

A

500 N

30º

 Fig. P4.12

250 mm

A

B

300 mm

250 mm

400 N

α

 Fig. P4.13

 4.14 The required tension in cable AB is 300 lb. Determine (a) the 
vertical force P that must be applied to the pedal, (b) the corre-
sponding reaction at C.

12 in.3 in.

5 in. P

A B

C

D

 Fig. P4.14 and P4.15

 4.15 Determine the maximum tension that can be developed in cable 
AB if the maximum allowable magnitude of the reaction at C is 
650 lb.

 4.16 A truss may be supported in three different ways as shown. In each 
one, determine the reactions at the supports.

2 kN

3 kN

2 kN

1.5 m

1.5 m

2 m

(a)

BA

2 kN

3 kN

2 kN

(b)

BA

(c)

30�

2 kN

3 kN

2 kN

BA

 Fig. P4.16
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