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مقدمه:
اجسام  می روند.  به شمار  اجسام  هندسی  اصلی  و حجم سه خصوصیت  طول، سطح 
یک بعدی مانند طناب با طولشان، اجسام دو بعدی مانند یک قطعه زمین با مساحتشان و اجسام 

سه بعدی مثل یک ساختمان با حجمی که دارند مشخص می شوند.
این خصوصیات تمام ویژگی های اجسام را بیان نمی کنند؛ مثلًا دو قطعه زمین هم مساحت 
ممکن است دارای شکل های هندسی متفاوت باشند. بنابراین اجسام دارای خصوصیات دیگری 
نیز می باشند که در این فصل به بررسی بعضی از خصوصیات سطوح شامل گشتاور اول سطح، 

مرکز سطح، گشتاور دوم سطح و مدول مقطع یا اساس مقطع آن ها می پردازیم.

6- 1            گشتاور اول سطح )ممان استاتیک( 
در فصل دوم با گشتاور نیرو آشنا شدیم که عبارت بود از حاصل ضرب نیرو در فاصلة آن 

نیرو تا یک محور. گشتاور اول سطح نیز تعریفی مشابه گشتاور نیرو داشته و عبارت است از:
حاصل ضرب مساحت در فاصلة مرکز آن تا محور مورد نظر. 

گشتاور اول سطح با نماد Q نمایش داده می شود و واحد آن طول به توان 3 می باشد 
یعنی m3 و یا cm3 و . . .

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- خواص هندسی سطوح را بشناسد و نام ببرد.

2- گشتاور اول سطح را تعریف نماید.
3- مرکز سطح سطوح مختلف هندسی را به دست آورد.
4- مختصات مرکز سطح سطوح متقارن را تعیین نماید.

5- روابط مربوط به گشتاور دوم سطح را بشناسد و به کار گیرد.
6- ممان اینرسی سطوح مرکب را محاسبه نماید.
7- اساس مقطع سطوح مختلف را به دست آورد.

استخراج  آن ها  استاندارد  جدول  از  را  شده  نورد  مقاطع  هندسی  مشخصات   -8
نماید.
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جدول )1-6(

نام سطح شکل هندسی X Y توضیحات

مستطیل
(مربع)

b
2

h
2

مرکز سطح مستطیل محل 
تلاقی دو قطر آن می باشد

 مثلث
قائم الزاویه

b
3

h
3

مرکز سطح مثلث 
 1
3

قائم الزاویه در فاصلة 
از قاعدة آن می باشد

دایره r r مرکز سطح دایره 
مرکز دایره می باشد

x نسبت به محور A گشتاور اول سطح
)1-6(

y نسبت به محور A گشتاور اول سطح

Y مختصات مرکز سطح A می باشند. X و  در روابط فوق 
در جدول )6-1( مختصات مرکز سطح بعضی از سطوح هندسی نسبت به محورهای 

x و y آمده است.

x

y

Q A.Y

Q A.X

=

=

A

y

x

مرکز سطح

X

Y

در شکل زیر با توجه به تعریف داریم:

شکل 1-6

G
y

x
b

h
y

x←→

←
→

G
y

x
b

h

y

x

Gy

x

r
y

x
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گشتاور اول سطح )ممان استاتیک( مستطیل را نسبت به محورهای x و y محاسبه کنید.
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x

b=2cm

h=
4c
m

3cm

1

X

Y

با توجه به شکل فاصله مرکز سطح از محورهای x و y عبارتند از:

مساحت مستطیل برابر است با

x ممان استاتیک نسبت به محور

y ممان استاتیک نسبت به محور
x x

y y

bX X cm

hY Y cm

A b.h cm

Q A.Y Q cm

Q A.X Q cm

2

3

3

23 3 4
2 2

41 1 3
2 2

2 4 8
8 3 24
8 4 32

= + ⇒ = + =

= + ⇒ = + =

= = × =

= ⇒ = × =

= ⇒ = × =
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6-2            گشتاور اول )ممان استاتیک( سطوح مرکب 
به منظور محاسبه گشتاور اول سطوح مرکب، آن ها را به سطوح هندسی ساده تجزیه 
نموده و ممان استاتیک هر یک از آن ها را نسبت به محورهای مورد نظر محاسبه و با یکدیگر 

جمع جبری می نمائیم. یعنی:

شکل 2-6

n

x i xi
i
n

y i y
i

i

Q A y Q A y A y A y

Q A x Q A x A x A x

1 2 31 2 3
1

1 2 3
1

1 2 3

=

=

= ⇒ = + +

= ⇒ = + +

∑

∑

n

x i i
i
n

iy i
i

Q A y

Q A x

1

1

=

=

=

=

∑

∑
)2-6(

به عنوان نمونه در شکل )6-2( خواهیم داشت:
y

x

A1

A2

A3

x 1

x 2

y1

y2

y3
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حل:
تجزیه  مثلثی  و  مستطیلی  ساده  سطح  دو  به  زیر  شکل  مطابق  را  شده  داده  مرکب  سطح 

می کنیم.  

به کمک جدول )6-2( حل مسئله را ادامه می دهیم

مثال 2
گشتاور اول سطح داده شده را نسبت به محورهای x و y محاسبه کنید.

y
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Y 2
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+
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6-3             مرکز سطح سطوح مرکب 
با  با توجه به این که گشتاور اول کل سطح  برای محاسبه مرکز سطح سطوح مرکب 

مجموع گشتاورهای اول اجزای سطح مرکب با هم برابرند می توان نوشت:

Y مختصات مرکز سطح مرکب مورد نظر می باشند که نسبت به  X و  در روابط فوق 
محورهای مختصات دلخواه تعیین می شوند.
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مثال 3
مختصات مرکز سطح شکل زیر را محاسبه نمائید. 

)ابعاد شکل بر حسب cm است(

20

5
25

10 20

y

xo

A2

A1

به منظور سادگی حل مسئله محورهای مختصات x و y را  طوری در نظر می گیریم که شکل 
در ربع اول دستگاه مختصات قرار گرفته و تمام طول ها مثبت باشند.

با  به سطوح ساده جدول مشخصات آن ها را تشکیل داده و  از تجزیه شکل مرکب  پس 
استفاده از روابط )6-3( مختصات مرکز سطح را محاسبه می نمائیم. )جدول 3-6(
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6-4             استفاده از تقارن در تعیین مرکز سطح سطوح متقارن 
محور تقارن: خطی است که سطح را به دو قسمت مساوی و قرینه تقسیم می کند.

6-4-1- سطوح با یک محور تقارن 
اگر سطح دارای یک محور تقارن باشد، مرکز سطح روی آن محور خواهد بود. 

شکل )3-6(

6-4-2- سطوح با دو محور تقارن:
هرگاه سطح دارای دو محور تقارن باشد مرکز سطح در محل تلاقی آن دو محور خواهد 

بود. شکل )4-6( 

محور تقارن

محور تقارن

شکل 3-6

شکل 4-6

محور تقارن

G

G

G

G
GGG

محور تقارن
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مثال 4
در شکل زیر با استفاده از تقارن مختصات مرکز سطح را به دست آورید.

)ابعاد بر حسب سانتی متر می باشد(

4 41
9

y

x

1/5
18 21

1/5

باتوجه به این که شکل دارای دومحور تقارن می باشد لذا مرکز سطح محل تلاقی آن ها 
خواهد بود. بنابراین داریم:

x / cm

y / cm

9 4 5
2
21 10 5
2

= =

= =
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واحد ممان اینرسی، طول به توان 4 یعنی cm4  یا mm4 و ... می باشد.
درجدول )6-4( روابط ممان اینرسی بعضی از سطوح هندسی ساده نسبت به محورهای 

مرکزی آن ها آمده است.

باتوجه به مثال فوق درمی یابیم علی رغم آن که سطح مقطع خط کش در هر دو حالت 
یکسان است در حالت )الف( خط کش راحت تر خم می شود. یعنی مقاومت آن در مقابل خم 
شدن )خمش( کمتر از حالت )ب( می باشد. علت آن ممان اینرسی سطح مقطع خط کش است 

که درحالت )الف( کمتر از حالت )ب( می باشد.
به عنوان یک تعریف ساده از ممان اینرسی، می توان گفت: 

گشتاور دوم سطح یا ممان اینرسی عامل مقاوم در مقابل خمش می باشد و به توزیع ذرات 
تشکیل دهندة جسم حول محور خمش بستگی دارد.

ممان اینرسی را با نماد I نشان داده و نسبت به محورهای مختلف با اندیس آن محور 
.x یعنی ممان اینرسی نسبت به محور Ix ،نام گذاری می شود. به عنوان مثال

 )Moment of Inertia( )6 – 5           گشتاور دوم سطح )ممان اینرسی
خط کشی را مطابق شکل )6-5( در نظر می گیریم اگر بخواهیم آن را در دو حالت 

نشان داده شده خم کنیم به نظر شما درکدام حالت راحت تر خم می شود؟ چرا؟

شکل 5-6

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

)الف(

)ب(
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مثال 5
ممان اینرسی سطح مقطع مقابل را نسبت به محورهای 

مرکزی آن محاسبه نمایید.
حل: 

مرکز سطح مستطیل محل تلاقی دو قطر آن می باشد 
بنابراین: 

را  مقطع  سطح  مرکزی  محورهای  موقعیت  ابتدا 
مشخص نموده سپس با استفاده از روابط جدول )6-

IxG )4  و IyG را تعیین می نمائیم.

8cm

10cm

G

y

x
xG

yG

bhI / cm

hbI / cm

3 3
4

3 3
4

8 10 666 67
12 12

10 8 426 67
12 12

×= = =

×= = =

جدول )4-6(

نام سطح شکل هندسی GIx GIy

مستطیل bh3

12
hb3

12

مربع a4

12
a4

12

دایره r4

4
π r4

4
π

Gh

b

yG

xG

Ga

a
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6-6             قضیه محورهای موازی  
درقسمت قبل روش تعیین ممان اینرسی یک سطح نسبت به محور هایی که از مرکز 

آن سطح می گذرد ، را دیدیم.
حال می خواهیم ممان اینرسی یک سطح را نسبت به محورهایی که موازی محورهای 

مرکزی آن می باشند، به دست آوریم.
به محورهای  نسبت  آن  اینرسی  ممان  اینکه  فرض  با   )5-6( در شکل  مثال  عنوان  به 
مرکزی ) xG و yG ( معلوم باشد، می خواهیم ممان اینرسی مقطع را نسبت به محورهای X و 

Y که با فاصله d1 و d2 از محورهای مرکزی قرار دارند، محاسبه کنیم. 

G

G

X x

Y y

I I Ad

I I Ad

2
1

2
2

= +

= +

یعنی:

شکل 5-6

)4-6(

این موضوع با قضیه محورهای موازی که به صورت زیر بیان می شود قابل محاسبه 
خواهد بود.

سطح  آن  مرکزی  محورهای  با  موازی  که  محورهایی  به  نسبت  سطح  یک  اینرسی  ممان 
می باشند، برابر است با ممان اینرسی آن سطح نسبت به محورهای مرکزی به اضافه حاصل 

ضرب مساحت در مجذور فاصله محور مورد نظر تا مرکز سطح.

d1

d2

G

yGY

xG

A

X
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مثال 6
در شکل روبه رو مطلوب است:

 Iy و Ix محاسبه

X

h

b

Y

h G

b

Y

yG
xG

X

d 1

d2

حل:
الف( ابتدا ممان اینرسی را نسبت به محورهای مرکزی آن یعنی xG و yG تعیین می کنیم.

xG

yG

bhI

hbI
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3
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=
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X X
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=
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= ⇒ =

 xG بر طول مستطیل مماس می باشد، فاصله آن از محور X ب( با توجه به این که محور
یعنی d1 برابر  است با:
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6– 7           محاسبه ممان اینرسی سطوح مرکب  
برای محاسبه ممان اینرسی سطوح مرکب، آن ها را به اشکال هندسی ساده تجزیه نموده 
و ممان اینرسی هر یک را نسبت به محور مورد نظر محاسبه و با یکدیگر جمع جبری می نماییم. 

شکل )6-6(

yGY Y

Y Y

Y Y
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ج( برای محور Y نیز خواهیم داشت:

و به طور کلی خواهیم داشت:

شکل 6-6

Y

X

Y

X

1

2

3

م مربوط به این موضوع را ببینید.(5-6)
فیل
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اساس مقطع یا مدول مقطع نیز خاصیتی از سطح است که همانند ممان اینرسی عامل 

مقاوم در مقابل خمش می باشد که در فصل نهم با کاربرد آن آشنا خواهید شد.

مدول مقطع یک سطح مطابق شکل )6-7( با رابطه زیر تعریف می شود.

مثال 7
.y و x در شکل زیر مطلوب است محاسبة ممان اینرسی نسبت به محورهای
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خارجی داخلی

(6-6)
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در این رابطه داریم: 
xG مدول مقطع یا اساس مقطع نسبت به محور : GxS

xG ممان اینرسی سطح نسبت به محور : GxI

C1 : فاصلة دورترین تار تحتانی یا فوقانی سطح نسبت به محور مرکزی )xG( می باشد 

که در مقاطع متقارن برابر نصف کل ارتفاع مقطع می باشد. یعنی: 

hc1 2
=

                                         
و برای محور y نیز رابطه ای مشابه رابطة )6-6( خواهیم داشت بنابراین:

yG مدول مقطع یا اساس مقطع نسبت به محور : GyS

yG ممان اینرسی سطح نسبت به محور : 
GyI

 )yG( مرکزی  به محور  نسبت  مقطع  راست  یا  تار سمت چپ  دورترین  فاصله   :  C2

می باشد که در مقاطع متقارن برابر نصف پهنای مقطع است. یعنی:

(7-6)
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مثال 8
درشکل روبه رو مطلوب است:

 Ix الف( محاسبه
Sx ب( محاسبه

5 cm

16
 cm

2
2

5 2

y

x

d3

xG1

xG2

xG3

d1

y

x

1

3
2

الف(
- ابتدا سطح مقطع را به سه سطح 1، 2 و 3 

تجزیه می کنیم.

 x به محور  از سطوح را نسبت  اینرسی هریک  به کمک قضیه محورهای موازی ممان   -
محاسبه می کنیم. 

: Ix1 محاسبه

d1=9

A1

xG1

y

x

x xG

x

I I A d

I ( )( ) cm

1 1

1

2
1 1

3
2 412 2 2 12 9 1952
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= +

×= + × =
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d2=0

A2

xG2

y

x

A3

xG3

y

x

d3=9

: Ix2 محاسبه

: Ix3 محاسبه

ممان اینرسی کل مقطع برابر است با:

x xG

x

x

I I A d

I ( )( )

I / cm

2 2

2

2

2
2 2

3
2

4

2 16 2 16 0
12

682 67

= +

×= + ×

=

x xI I cm
3 1

41952= =

ix x x x x
i

x

x

I I I I I

I /

I / cm

1 2 3

3

1

4

1952 682 67 1952
4586 67

=

= = + +

= + +

=

∑

x
x x

x

hc c cm

I /S S
c

S / cm

1 1

1
3

20 10
2 2

4586 67
10

458 67

= ⇒ = =

= ⇒ =

=

به دلیل تقارن A1 و A3 نسبت به محور x داریم:

ب( از رابطه )6–6( مدول مقطع نسبت به محور x را به دست می آوریم.
به دلیل تقارن، مقطع C1 برابر است با نصف کل ارتفاع مقطع یعنی:
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6– 9           مشخصات هندسی مقاطع نورد شده 
با توجه به این که مقاطع نورد شده با استانداردهای کارخانة سازنده تولید می شوند، 
لذا برای هریک از مقاطع تولیدی شامل تیر آهن ها، ناودانی ها، نبشی ها و ... جداول مشخصات 
هندسی هر مقطع نیز ارائه می شود که با استفاده از این جداول مشخصات هندسی مقاطع نظیر 
ابعاد، سطح مقطع، ممان اینرسی و ... استخراج می شوند، به عنوان مثال شکل )6-7( قسمتی از 
جدول مشخصات مقاطع نیم پهن )IPE( را نشان می دهد که برای نمونه مشخصات هندسی 

IPE 200 را از آن استخراج نموده ایم.

مساحت مقطع
x ممان اینرسی حول محور
x اساس مقطع حول محور
y ممان اینرسی حول محور
y اساس مقطع حول محور

A=28/5 cm2h =200 mm=20 cm
b =100 mm=10 cm
S =5/6 mm=0/56 cm
t =8/5 mm=0/85 cm

Ix=1940 cm4

Sx=194 cm3

Iy=142 cm4

Sy=28/5 cm3

ارتفاع مقطع
عرض بال

ضخامت جان
ضخامت بال

:IPE200 مشخصات

IPE    نيمرخ نيم پهن

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ممان اينرسي I

اساس مقطع S=
شعاع ژيراسيون i=

h b s t r c h-2c A G Ix Sx ix Iy Sy iy a1 rT
2 4 3 4 3IPE mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm mm

80 80 46 3.8 5.2 5 10.2 59 7.64 6 80.1 20 3.24 8.49 3.69 1.05 63 12.2
100 100 55 4.1 5.7 7 12.7 74 10.3 8.1 171 34.2 4.07 15.9 5.79 1.24 79 14.6
120 120 64 4.4 6.3 7 13.3 93 13.2 10.4 318 53 4.9 27.7 8.65 1.45 96 16.9
140 140 73 4.7 6.9 7 13.9 112 16.4 12.9 541 77.3 5.74 44.9 12.3 1.65 112 19.3
160 160 82 5 7.4 9 16.4 127 20.1 15.8 869 109 6.58 68.3 16.7 1.84 129 21.7
180 180 91 5.3 8 9 17 146 23.9 18.8 1320 146 7.42 101 22.2 2.06 145 24
200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4

IPE

200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4
220 220 110 5.9 9.2 12 21.2 177 33.4 26.2 2770 252 9.11 205 37.3 2.48 179 29.1
240 240 120 6.2 9.8 15 24.8 190 39.1 30.7 3890 324 9.97 284 47.3 2.6 196 31.8
270 270 135 6.6 10.2 15 25.2 219 45.9 36.1 5790 429 11.2 420 62.2 3.02 220 35.6
300 300 150 7.1 10.7 15 25.7 248 53.8 42.2 8360 557 12.5 604 80.5 3.35 245 39.5
330 330 160 7.5 11.5 18 29.5 271 62.6 49.1 11770 713 13.7 788 98.5 3.55 270 42.1
360 360 170 8 12.7 18 30.7 298 72.7 57.1 16270 904 15 1040 123 3.79 294 44.7
400 400 180 8.6 13.5 21 34.5 331 84.5 66.3 23130 1160 16.5 1320 146 3.95 326 47.1
450 450 190 9 4 14 6 21 35 6 378 98 8 77 6 33740 1500 18 5 1680 176 4 12 365 49 4450 450 190 9.4 14.6 21 35.6 378 98.8 77.6 33740 1500 18.5 1680 176 4.12 365 49.4
500 500 200 10.2 16 21 37 426 116 90.7 48200 1930 20.4 2140 214 4.31 404 51.8
550 550 210 11.1 17.2 24 41.2 467 134 106 67120 2440 22.3 2670 254 4.45 442 54
600 600 220 12 19 24 43 514 156 122 92080 3070 24.3 3390 308 4.66 481 56.5
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مثال 9
در شکل زیر دوتیر آهن IPE 16  به صورت به هم چسبیده به عنوان یک مقطع مرکب ساخته 

شده است مطلوب است محاسبة:
.y و x الف( ممان اینرسی مقطع مرکب حول

.y و x ب( مدول مقطع حول دو محور

درصورتی که مقطع مورد نظر ترکیبی از دو یا چند مقطع نورد شده باشد می توان ابتدا 
مشخصات هندسی مقطع نورد شدة ساده )تکی( را از جدول استخراج نموده و سپس با استفاده 

از قضیه محورهای موازی مشخصات هندسی مقطع مرکب را به دست آورد.

ابتدا مشخصات هندسی مورد نیاز تیر آهن IPE 16 را از جدول استخراج می نماییم.

 IPE 16 : (h=160mm=16cm , b=82 mm=8/2 cm , A=20/1 cm2 , Ix=869 cm4 ,
Iy=68/3 cm4)

الف( محاسبه Ix و Iy مقطع مرکب:
می باشد  متقارن   y و   x های  محور  به  نسبت  شده  ساخته  مرکب  مقطع  اینکه  به  باتوجه 
کافی است که ممان اینرسی یک پروفیل نسبت به محورهای مورد نظر را محاسبه نموده و 

دو برابر نماییم. بنابراین با استفاده از قضیه محورهای موازی خواهیم داشت:

G

G

x x

y y

I (I Ad )

I (I Ad )

2
1

2
2

2

2

= +

= +

Gx x x xI I I I cm42 2 869 1738= ⇒ = × ⇒ =

باتوجه به شکل )الف( مقدار d1 نسبت به محور x به دلیل انطباق محورهای xG در پروفیل 
تک و x در پروفیل مرکب برابر صفر است لذا:

xxG

yG

y

2 IPE 16
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نکته:
 با توجه به نتایج مثال 9 و مقایسة آن با مشخصات هندسی IPE 16 مشاهده می شود که:
ممان اینرسی مقطع مرکب حول محور x دو برابر ممان اینرسی مقطع ساده )تکی( می باشد، 
به همین ترتیب اگر تعداد مقاطع n برابر شود و مرکز سطح آن ها بر محور x منطبق باشد، 

ممان اینرسی مقطع مرکب حول محور x نیز n برابر خواهد شد.
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و مقدار d2 نسبت به محور y برابر نصف عرض بال IPE 16 می باشد یعنی: 
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خلاصة فصل
• گشتاور اول سطح نسبت به یک محور عبارت است از: حاصل ضرب مساحت، در فاصله 
مرکز آن تا آن محور مورد نظر و نسبت به محور های x و y به صورت زیر تعریف می شود:

x

y

Q A.Y

Q A.X

=

=

n

x i i
i
n

y i
i

i

Q A .y

Q A .x

1

1

=

=

=

=

∑

∑

i i

i

i i

i

A x
X

A

A y
Y

A

=

=

∑
∑

∑
∑

G

G

x x

y y

I I Ad

I I Ad

2
1

2
2

= +

= +

• گشتاور اول سطوح مرکب با تجزیه آن ها به سطوح ساده هندسی و محاسبه گشتاور اول 
سطح هرکدام نسبت به محورهای مورد نظر و جمع جبری آن ها محاسبه می شود. یعنی:

• مختصات مرکز سطح یک سطح هندسی با استفاده از گشتاور اول سطح و رابطة زیر تعیین 
می شود:

• اگر سطحی دارای یک محور تقارن باشد، مرکز سطح روی آن محور خواهد بود. 
• اگر سطحی دارای دو محور تقارن باشد، مرکز سطح، محل تلاقی آن دو محور خواهد بود.

• ممان اینرسی عامل مقاوم در مقابل خمش است.
• اگر تعداد مقاطع روی یک محور n برابر شود درصورتی که مرکز سطح آن ها روی آن 

محور قرار گیرد در این حالت ممان اینرسی کل نیز n برابر خواهد شد.
• ممان اینرسی یک سطح نسبت به محورهای موازی محور مرکزی آن با رابطة زیر تعیین 

می شود:
d1 : فاصله دو محور xG و X می باشد.

d2 : فاصله دو محور yG و Y می باشد.
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خودآزمایی

1- در شکل های زیر مختصات مرکز سطح را محاسبه کنید.
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5/49 Determine the coordinates of the centroid of the trap-
ezoidal area shown.

Problem 5/49

5/50 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/50

5/51 Determine the coordinates of the centroid of the
shaded area.
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5/47 Determine the x- and y-coordinates of the centroid
of the shaded area.

Problem 5/47

5/48 Determine the coordinates of the centroid of the
shaded area.

Problem 5/48

3″

2″

6″

y

x

Dimensions in millimeters

80

80

120

160

y

x

x

125 mm

200 mm 200 mm

60 mm

150 mm

125 mm

y

Problem 5/51

600mm

300mm

60
0m

m )الف(

)ب(

• اساس مقطع نیز همانند ممان اینرسی عامل مقاوم در مقابل خمش است و از رابطة زیر 
به دست می آید:

x فاصله دورترین تار مقطع تا محور : C1

y فاصله دورترین تار مقطع تا محور : C2

• مشخصات هندسی مقاطع نورد شده از جداول استاندارد آن ها استخراج می شود.
• ممان اینرسی مقاطع مرکب با استفاده از قضیة محورهای موازی محاسبه می شود.
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5/52 Calculate the y-coordinate of the centroid of the
shaded area.

Problem 5/52

5/53 Determine the x-, y-, and z-coordinates of the mass
center of the body constructed of uniform slender rod.

Problem 5/53

5/54 Calculate the x- and y-coordinates of the centroid 
of the shaded area.

Problem 5/54
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5/55 Determine the x- and y-coordinates of the centroid of
the shaded area.

Problem 5/55

Representative Problems

5/56 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/56

5/57 Determine the distance from the bottom of the
base plate to the centroid of the built-up structural
section shown.

Problem 5/57
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5/49 Determine the coordinates of the centroid of the trap-
ezoidal area shown.

Problem 5/49

5/50 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/50

5/51 Determine the coordinates of the centroid of the
shaded area.
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PROBLEMS
Introductory Problems

5/47 Determine the x- and y-coordinates of the centroid
of the shaded area.

Problem 5/47

5/48 Determine the coordinates of the centroid of the
shaded area.

Problem 5/48
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5/49 Determine the coordinates of the centroid of the trap-
ezoidal area shown.

Problem 5/49

5/50 Determine the y-coordinate of the centroid of the
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Problem 5/50

5/51 Determine the coordinates of the centroid of the
shaded area.

x

h

60°60°

a

y

x

600
mm

600
mm

300
mm

y

258 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/47 Determine the x- and y-coordinates of the centroid
of the shaded area.

Problem 5/47

5/48 Determine the coordinates of the centroid of the
shaded area.

Problem 5/48

3″

2″

6″

y

x

Dimensions in millimeters

80

80

120

160

y

x

x

125 mm

200 mm 200 mm

60 mm

150 mm

125 mm

y

Problem 5/51

60mm

150mm200mm200mm

12
5m

m
12

5m
m

)و(

)ج(

)د(

)ه(

293Problems 7.35 and 7.36 Determine the moments of inertia Ix and Iy of the 
area shown with respect to centroidal axes that are respectively 
parallel and perpendicular to the side AB.

 7.37 Determine the moments of inertia Ix and Iy of the area shown with 
respect to centroidal axes that are respectively parallel and perpen-
dicular to the side AB.

 7.38 Determine the centroidal polar moment of inertia of the area 
shown.

 7.39 and 7.40 Determine the polar moment of inertia of the area 
shown with respect to (a) point O, (b) the centroid of the area.

 7.41 Two W8 3 31 rolled sections can be welded at A and B in either 
of the two ways shown. For each arrangement, determine the 
moment of inertia of the section with respect to the horizontal 
centroidal axis.
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2- با استفاده از تقارن، مختصات مرکز سطح را به دست آورید.

.Sy و Sx و Iy و Ix 3- در هر مقطع مطلوب است محاسبة

294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.
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y
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Fig. P7.43
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y
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294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.
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293Problems 7.35 and 7.36 Determine the moments of inertia Ix and Iy of the 
area shown with respect to centroidal axes that are respectively 
parallel and perpendicular to the side AB.

 7.37 Determine the moments of inertia Ix and Iy of the area shown with 
respect to centroidal axes that are respectively parallel and perpen-
dicular to the side AB.

 7.38 Determine the centroidal polar moment of inertia of the area 
shown.

 7.39 and 7.40 Determine the polar moment of inertia of the area 
shown with respect to (a) point O, (b) the centroid of the area.

 7.41 Two W8 3 31 rolled sections can be welded at A and B in either 
of the two ways shown. For each arrangement, determine the 
moment of inertia of the section with respect to the horizontal 
centroidal axis.

A B
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5- مطلوب است محاسبة Ix و Iy و Sx و Sy در مقاطع مرکب زیر.

x

y

2 IPE 20180 mm
x

y

G

2 IPE 18

)ب(

)ب(

)الف(

)الف(

4- در هر کدام از مقاطع مطلوب است محاسبة:

PROBLEMS

292

 7.25 through 7.28 Determine the moment of inertia and the radius 
of gyration of the shaded area with respect to the x axis.

7.29 through 7.32 Determine the moment of inertia and the radius 
of gyration of the shaded area with respect to the y axis.

7.33 Determine the shaded area and its moment of inertia with respect 
to a centroidal axis parallel to AA9, knowing that its moments 
of inertia with respect to AA9 and BB9 are, respectively, 2.2 3
106 mm4 and 4 3 106 mm4, and that d1 5 25 mm and d2 5 10 mm.

7.34 Knowing that the shaded area is equal to 6000 mm2 and that its 
moment of inertia with respect to AA9 is 18 3 106 mm4, deter-
mine its moment of inertia with respect to BB9 for d1 5 50 mm 
and d2 5 10 mm.

10 mm

90 mm

10 mm

50 mm

50 mm

10 mm

y

xC

Fig. P7.25 and P7.29
y

x

125 mm

250 mm

125 mm

75 mm

Fig. P7.27 and P7.31

6 in.

4 in.

6 in.

y

x

Fig. P7.28 and P7.32

x

y

6 in.

3 in.

C

3 in.

1
2

in.

1
2

in.

1
2

in.

3 in.

Fig. P7.26 and P7.30

C

A'

d1

d2
A

B'B

Fig. P7.33 and P7.34
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الف( مختصات مرکز سطح
ب( ممان اینرسی حول محورهای   گذرنده از مرکز سطح

ج( اساس مقطع نسبت به محورهای گذرنده از مرکز سطح.

298  Distributed Forces: Moments of Inertia of Areas

y

x
C D

BA

d

60 mm

Fig. P7.57

 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm2. Determine its centroi-
dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
22.5 3 106 mm4.

12 in.

b
O

2 in.

y

x
1 in.
1 in.

Fig. P7.55

 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.

y

x
a

a

C

a

a

Fig. P7.54

y

x

120 mm

r = 120 mm

O

Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.
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298  Distributed Forces: Moments of Inertia of Areas

y

x
C D

BA

d

60 mm

Fig. P7.57

 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm
2
. Determine its centroi-

dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
22.5 3 10

6
 mm

4
.

12 in.

b
O

2 in.

y

x
1 in.
1 in.

Fig. P7.55

 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.

y

x
a

a

C

a

a

Fig. P7.54

y

x

120 mm

r = 120 mm

O

Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.
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y

x
C D

BA

d

60 mm

Fig. P7.57

 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm2. Determine its centroi-
dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
22.5 3 106 mm4.

12 in.

b
O

2 in.

y

x
1 in.
1 in.

Fig. P7.55

 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.

y

x
a

a

C

a

a

Fig. P7.54

y

x

120 mm

r = 120 mm

O

Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.
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مقدمه:
نیروهای وارد بر اجسام پرداختیم و اجسام را صلب  به بررسی  در بخش اول کتاب 
در نظر گرفتیم بدین مفهوم که جسم در اثر اعمال نیرو تغییر شکل نمی دهد که موضوع بحث 

استاتیک بود.
دراین بخش می خواهیم اثر نیروها را بر اجسام، بیشتر مورد بررسی قرار داده و رفتار 
آن ها را تحت تاثیر نیروهای مختلف تجزیه و تحلیل نماییم، که با این فرض که جسم صلب 
نباشد، یعنی تغییر شکل اجسام نیز مد نظر می باشد، که موضوع بحث مقاومت مصالح است. 
تحت  را  جامد  اجسام  رفتار  که  است  مکانیک  علم  از  ای  شاخه  مصالح  مقاومت  بنابراین 

بارگذاری های مختلف بررسی می نماید.
رفتار اجسام تحت بار های مختلف عبارتند از : 

1- رفتار کششی و فشاری

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1-انواع رفتار اجسام را تحت تأثیر بارهای مختلف نام ببرد.

2-نیروهای محوری را شرح دهد.
3-اثر نیروهای محوری را بر اجسام توضیح دهد.

4-تنش را تعریف نماید.
5-تنش محوری را تعریف نماید.

6-رابطۀ تنش محوری را به کار گیرد.
7-تغییر طول اجسام تحت تأثیر بارهای محوری را محاسبه نماید.
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7-1             نیروهای محوری  
)Axial Load(       

که  هستند  نیروهایی  محوری،  نیروهای 
در امتداد محور طولی اجسام و عمود بر سطح 

مقطع آنها وارد می شوند. شکل )5-7(
صورت  به  می توانند  محوری  نیروهای 
در  و  شوند  وارد  اجسام  به  فشاری  یا  کششی 

آن ها افزایش یا کاهش طول ایجاد نمایند.
دیده   )6-7( شکل  در  که  همان طور 
می شود، بارهای محوری ضمن افزایش یا کاهش 
طول، سبب کاهش یا افزایش ابعاد دیگر جسم 
بررسی  به  تنها  فصل  این  در  که  می شوند  نیز 

رفتار طولی آنها می پردازیم.

2- رفتار برشی

41110.3  DEFORMATIONS IN A CIRCULAR SHAFT
Consider a circular shaft that is attached to a fixed support at one 
end (Fig. 10.7a). If a torque T is applied to the other end, the shaft 
will twist, with its free end rotating through an angle f called the 
angle of twist (Fig. 10.7b). Observation shows that, within a certain 
range of values of T, the angle of twist f is proportional to T. It 
also shows that f is proportional to the length L of the shaft. In 
other words, the angle of twist for a shaft of the same material and 
same cross section, but twice as long, will be twice as large under 
the same torque T. One purpose of our analysis will be to find the 
specific relation existing among f, L, and T; another purpose will 
be to determine the distribution of shearing stresses in the shaft, 
which we were unable to obtain in the preceding section on the 
basis of statics alone.
 At this point, an important property of circular shafts should 
be noted: When a circular shaft is subjected to torsion, every cross 
section remains plane and undistorted. In other words, while the 
various cross sections along the shaft rotate through different 
amounts, each cross section rotates as a solid rigid slab. This is illus-
trated in Fig. 10.8a, which shows the deformations in a rubber model 
subjected to torsion. The property we are discussing is characteristic 
of circular shafts, whether solid or hollow; it is not enjoyed by mem-
bers of noncircular cross section. For example, when a bar of square 
cross section is subjected to torsion, its various cross sections 
warp and do not remain plane (Fig. 10.8b).
 The cross sections of a circular shaft remain plane and undis-
torted because a circular shaft is axisymmetric, i.e., its appearance 
remains the same when it is viewed from a fixed position and rotated 
about its axis through an arbitrary angle. (Square bars, on the other 
hand, retain the same appearance only if they are rotated through 
90° or 180°.) As we will see presently, the axisymmetry of circular 
shafts may be used to prove theoretically that their cross sections 
remain plane and undistorted.
 Consider the points C and D located on the circumference of 
a given cross section of the shaft, and let C9 and D9 be the positions 
they will occupy after the shaft has been twisted (Fig. 10.9a). The 
axisymmetry of the shaft and of the loading requires that the rotation 
which would have brought D into C should now bring D9 into C9. 
Thus C9 and D9 must lie on the circumference of a circle, and the 
arc C9D9 must be equal to the arc CD (Fig. 10.9b). We will now 
examine whether the circle on which C9 and D9 lie is different from 
the original circle. Let us assume that C9 and D9 do lie on a different 
circle and that the new circle is located to the left of the original 
circle, as shown in Fig. 10.9b. The same situation will prevail for any 
other cross section, since all the cross sections of the shaft are sub-
jected to the same internal torque T, and an observer looking at the 
shaft from its end A will conclude that the loading causes any given 
circle drawn on the shaft to move away. But an observer located at 
B, to whom the given loading looks the same (a clockwise couple in 
the foreground and a counterclockwise couple in the background) 
will reach the opposite conclusion, i.e., that the circle moves toward 
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same cross section, but twice as long, will be twice as large under 
the same torque T. One purpose of our analysis will be to find the 
specific relation existing among f, L, and T; another purpose will 
be to determine the distribution of shearing stresses in the shaft, 
which we were unable to obtain in the preceding section on the 
basis of statics alone.
 At this point, an important property of circular shafts should 
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section remains plane and undistorted. In other words, while the 
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about its axis through an arbitrary angle. (Square bars, on the other 
hand, retain the same appearance only if they are rotated through 
90° or 180°.) As we will see presently, the axisymmetry of circular 
shafts may be used to prove theoretically that their cross sections 
remain plane and undistorted.
 Consider the points C and D located on the circumference of 
a given cross section of the shaft, and let C9 and D9 be the positions 
they will occupy after the shaft has been twisted (Fig. 10.9a). The 
axisymmetry of the shaft and of the loading requires that the rotation 
which would have brought D into C should now bring D9 into C9. 
Thus C9 and D9 must lie on the circumference of a circle, and the 
arc C9D9 must be equal to the arc CD (Fig. 10.9b). We will now 
examine whether the circle on which C9 and D9 lie is different from 
the original circle. Let us assume that C9 and D9 do lie on a different 
circle and that the new circle is located to the left of the original 
circle, as shown in Fig. 10.9b. The same situation will prevail for any 
other cross section, since all the cross sections of the shaft are sub-
jected to the same internal torque T, and an observer looking at the 
shaft from its end A will conclude that the loading causes any given 
circle drawn on the shaft to move away. But an observer located at 
B, to whom the given loading looks the same (a clockwise couple in 
the foreground and a counterclockwise couple in the background) 
will reach the opposite conclusion, i.e., that the circle moves toward 

L

(a)
A

B

B

(b)

A'

�
A

B

T

Fig. 10.7

(a)

(b)

T

T'

T'

T

Fig. 10.8

10.3 Deformations in a Circular Shaft

(b)

C'

D'

C

D

(a)

A

B

C'

D'

C

D

A

B

T'

T'

T

T

Fig. 10.9

bee80156_ch10_406-441.indd Page 411  10/16/09  1:35:51 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-10

41110.3  DEFORMATIONS IN A CIRCULAR SHAFT
Consider a circular shaft that is attached to a fixed support at one 
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other words, the angle of twist for a shaft of the same material and 
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axisymmetry of the shaft and of the loading requires that the rotation 
which would have brought D into C should now bring D9 into C9. 
Thus C9 and D9 must lie on the circumference of a circle, and the 
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examine whether the circle on which C9 and D9 lie is different from 
the original circle. Let us assume that C9 and D9 do lie on a different 
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circle, as shown in Fig. 10.9b. The same situation will prevail for any 
other cross section, since all the cross sections of the shaft are sub-
jected to the same internal torque T, and an observer looking at the 
shaft from its end A will conclude that the loading causes any given 
circle drawn on the shaft to move away. But an observer located at 
B, to whom the given loading looks the same (a clockwise couple in 
the foreground and a counterclockwise couple in the background) 
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various cross sections along the shaft rotate through different 
amounts, each cross section rotates as a solid rigid slab. This is illus-
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warp and do not remain plane (Fig. 10.8b).
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about its axis through an arbitrary angle. (Square bars, on the other 
hand, retain the same appearance only if they are rotated through 
90° or 180°.) As we will see presently, the axisymmetry of circular 
shafts may be used to prove theoretically that their cross sections 
remain plane and undistorted.
 Consider the points C and D located on the circumference of 
a given cross section of the shaft, and let C9 and D9 be the positions 
they will occupy after the shaft has been twisted (Fig. 10.9a). The 
axisymmetry of the shaft and of the loading requires that the rotation 
which would have brought D into C should now bring D9 into C9. 
Thus C9 and D9 must lie on the circumference of a circle, and the 
arc C9D9 must be equal to the arc CD (Fig. 10.9b). We will now 
examine whether the circle on which C9 and D9 lie is different from 
the original circle. Let us assume that C9 and D9 do lie on a different 
circle and that the new circle is located to the left of the original 
circle, as shown in Fig. 10.9b. The same situation will prevail for any 
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P applied at the centroid of the section and a couple M of moment 
M 5 Pd. The distribution of forces-—-and, thus, the corresponding 
distribution of stresses-—-cannot be uniform. Nor can the distribution 
of stresses be symmetric as shown in Fig. 8.3. This point will be dis-
cussed in detail in Chap. 11.

8.4 SHEARING STRESS
The internal forces and the corresponding stresses discussed in Secs. 
8.2 and 8.3 were normal to the section considered. A very different 
type of stress is obtained when transverse forces P and P9 are applied 
to a member AB (Fig. 8.7). Passing a section at C between the points 
of application of the two forces (Fig. 8.8a), we obtain the diagram 
of portion AC shown in Fig. 8.8b. We conclude that internal forces 
must exist in the plane of the section, and that their resultant is equal 
to P. These elementary internal forces are called shearing forces, and 
the magnitude P of their resultant is the shear in the section. Divid-
ing the shear P by the area A of the cross section, we obtain the 
average shearing stress in the section. Denoting the shearing stress 
by the Greek letter t (tau), we write

 
tave 5

P
A

 (8.4)

 It should be emphasized that the value obtained is an average 
value of the shearing stress over the entire section. Contrary to what 
we said earlier for normal stresses, the distribution of shearing 
stresses across the section cannot be assumed uniform. As you will 
see in Chap. 13, the actual value t of the shearing stress varies from 
zero at the surface of the member to a maximum value tmax that may 
be much larger than the average value tave.

8.4 Shearing Stress
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3038.3 Axial Loading. Normal Stress When U.S. customary units are used, the force P is usually 
expressed in pounds (lb) or kilopounds (kip), and the cross-sectional 
area A in square inches (in2). The stress s will then be expressed in 
pounds per square inch (psi) or kilopounds per square inch (ksi).†

8.3 AXIAL LOADING. NORMAL STRESS
The member shown in Fig. 8.1 in the preceding section is subject 
to forces P and P9 applied at the ends. The forces are directed along 
the axis of the member, and we say that the member is under axial 
loading. An actual example of structural members under axial loading 
is provided by the members of the bridge truss shown in Photo 8.1.

†The principal SI and U.S. customary units used in mechanics for stresses are listed in 
tables inside the front cover of this book. From this table, we note that 1 psi is approxi-
mately equal to 7 kPa, and 1 ksi is approximately equal to 7 MPa.

Photo 8.1 This bridge truss consists of two-force members that may be in 
tension or in compression.

 As shown in Fig. 8.1b, the internal force and the corresponding 
stress are perpendicular to the axis of the member; the correspond-
ing stress is described as a normal stress. Thus, formula (8.1) gives 
us the normal stress in a member under axial loading:

 
s 5

P
A

 (8.1)

 We should also note that, in formula (8.1), s is obtained by 
dividing the magnitude P of the resultant of the internal forces dis-
tributed over the cross section by the area A of the cross section; it 
represents, therefore, the average value of the stress over the cross 
section, rather than the stress at a specific point of the cross section.
 To define the stress at a given point Q of the cross section, we 
should consider a small area DA (Fig. 8.2). Dividing the magnitude 
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P applied at the centroid of the section and a couple M of moment 
M 5 Pd. The distribution of forces-—-and, thus, the corresponding 
distribution of stresses-—-cannot be uniform. Nor can the distribution 
of stresses be symmetric as shown in Fig. 8.3. This point will be dis-
cussed in detail in Chap. 11.

8.4 SHEARING STRESS
The internal forces and the corresponding stresses discussed in Secs. 
8.2 and 8.3 were normal to the section considered. A very different 
type of stress is obtained when transverse forces P and P9 are applied 
to a member AB (Fig. 8.7). Passing a section at C between the points 
of application of the two forces (Fig. 8.8a), we obtain the diagram 
of portion AC shown in Fig. 8.8b. We conclude that internal forces 
must exist in the plane of the section, and that their resultant is equal 
to P. These elementary internal forces are called shearing forces, and 
the magnitude P of their resultant is the shear in the section. Divid-
ing the shear P by the area A of the cross section, we obtain the 
average shearing stress in the section. Denoting the shearing stress 
by the Greek letter t (tau), we write

 
tave 5

P
A

 (8.4)

 It should be emphasized that the value obtained is an average 
value of the shearing stress over the entire section. Contrary to what 
we said earlier for normal stresses, the distribution of shearing 
stresses across the section cannot be assumed uniform. As you will 
see in Chap. 13, the actual value t of the shearing stress varies from 
zero at the surface of the member to a maximum value tmax that may 
be much larger than the average value tave.
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303 8.3 Axial Loading. Normal Stress  When U.S. customary units are used, the force P is usually 
expressed in pounds (lb) or kilopounds (kip), and the cross-sectional 
area A in square inches (in

2
). The stress s will then be expressed in 

pounds per square inch (psi) or kilopounds per square inch (ksi).†

8.3 AXIAL LOADING. NORMAL STRESS
The member shown in Fig. 8.1 in the preceding section is subject 
to forces P and P9 applied at the ends. The forces are directed along 
the axis of the member, and we say that the member is under axial 
loading. An actual example of structural members under axial loading 
is provided by the members of the bridge truss shown in Photo 8.1.

†The principal SI and U.S. customary units used in mechanics for stresses are listed in 
tables inside the front cover of this book. From this table, we note that 1 psi is approxi-
mately equal to 7 kPa, and 1 ksi is approximately equal to 7 MPa.

Photo 8.1 This bridge truss consists of two-force members that may be in 
tension or in compression.

 As shown in Fig. 8.1b, the internal force and the corresponding 
stress are perpendicular to the axis of the member; the correspond-
ing stress is described as a normal stress. Thus, formula (8.1) gives 
us the normal stress in a member under axial loading:
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3799.10 POISSON’S RATIO
We saw in the earlier part of this chapter that, when a homogeneous 
slender bar is axially loaded, the resulting stress and strain satisfy 
Hooke’s law as long as the elastic limit of the material is not exceeded. 
Assuming that the load P is directed along the x axis (Fig. 9.33a), 
we have sx 5 PyA, where A is the cross-sectional area of the bar, 
and, from Hooke’s law,

 Px 5 sxyE (9.23)

where E is the modulus of elasticity of the material.
 We also note that the normal stresses on faces respectively 
perpendicular to the y and z axes are zero: sy 5 sz 5 0 (Fig. 9.33b). 
It would be tempting to conclude that the corresponding strains Py 
and Pz are also zero. This, however, is not the case. In all engineer-
ing materials, the elongation produced by an axial tensile force P in 
the direction of the force is accompanied by a contraction in any 
transverse direction (Fig. 9.34). In this section and the following 
sections (Secs. 9.11 through 9.13), all materials considered will be 
assumed to be both homogeneous and isotropic, i.e., their mechani-
cal properties will be assumed independent of both position and 
direction. It follows that the strain must have the same value for any 
transverse direction. Therefore, for the loading shown in Fig. 9.33 
we must have Py 5 Pz. This common value is referred to as the 
 lateral strain. An important constant for a given material is its Pois-
son’s ratio, named after the French mathematician Siméon Denis 
Poisson (1781-–-1840) and denoted by the Greek letter n (nu). It is 
defined as

 
 n 5 2

lateral strain
axial strain

 (9.24)

or

 
 n 5 2

Py

Px
5 2

Pz

Px
 (9.25)

for the loading condition represented in Fig. 9.33. Note the use 
of a minus sign in the above equations to obtain a positive value 
for v, the axial and lateral strains having opposite signs for all 
engineering materials.† Solving Eq. (9.25) for Py and Pz, and recall-
ing (9.23), we write the following relations, which fully describe 
the condition of strain under an axial load applied in a direction 
parallel to the x axis:

 
Px 5

sx

E
      Py 5 Pz 5 2

nsx

E
 (9.26)

†However, some experimental materials, such as polymer foams, expand laterally when 
stretched. Since the axial and lateral strains have then the same sign, the Poisson’s ratio 
of these materials is negative. (See Roderic Lakes, “Foam Structures with a Negative 
Poisson’s Ratio,” Science, 27 February 1987, Volume 235, pp. 1038–1040.)
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449Suppose that the member is divided into a large number of 
small cubic elements with faces respectively parallel to the three 
coordinate planes. The property we have established requires that 
these elements be transformed as shown in Fig. 11.9 when the 
 member is subjected to the couples M and M9. Since all the faces 
represented in the two projections of Fig. 11.9 are at 908 to each 
other, we conclude that gxy 5 gzx 5 0 and, thus, that txy 5 txz 5 0. 
Regarding the three stress components that we have not yet dis-
cussed, namely, sy, sz, and tyz, we note that they must be zero on 
the surface of the member. Since, on the other hand, the deforma-
tions involved do not require any interaction between the elements 
of a given transverse cross section, we can assume that these three 
stress components are equal to zero throughout the member. This 
assumption is verified, both from experimental evidence and from 
the theory of elasticity, for slender members undergoing small defor-
mations. We conclude that the only nonzero stress component 
exerted on any of the small cubic elements considered here is the 
normal component sx. Thus, at any point of a slender member in 
pure bending, we have a state of uniaxial stress. Recalling that, for 
M . 0, lines AB and A9B9 are observed, respectively, to decrease 
and increase in length, we note that the strain Px and the stress sx 
are negative in the upper portion of the member (compression) and 
positive in the lower portion (tension).

It follows from the above that there must exist a surface paral-
lel to the upper and lower faces of the member, where Px and sx 
are zero. This surface is called the neutral surface. The neutral 
surface intersects the plane of symmetry along an arc of circle DE 
(Fig. 11.10a), and it intersects a transverse section along a straight 
line called the neutral axis of the section (Fig. 11.10b). The origin 
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of coordinates will now be selected on the neutral surface, rather 
than on the lower face of the member as done earlier, so that the 
distance from any point to the neutral surface will be measured by 
its coordinate y.

11.3 Deformations in a Symmetric Member 
in Pure Bending
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 )Axial Stress( 7-2             تنش محوری
 P میله منشوری مطابق شکل )7 –7( را در نظر بگیرید که تحت تاثیر نیروی کششی

واقع شده است.
به نظر شما اثر نیروی P در یک مقطع دلخواه مانند )a-a( به چه صورت خواهد بود؟

P
A
±σ = )1-7( 

 )a-a( مقطع  در  ذرة جسم  هر  که  نمود  تصور  این طور  باید  این سوال  به  پاسخ  در 
مقداری از نیروی P را تحمل می نماید و اثر این نیرو در مقطع )a-a(، مطابق شکل )7-8(، به 

صورت نیروهای گسترده دیده می شود.

بنابراین  می شود.  گفته  تنش   )a-a( مقطع  در سطح  موجود  گسترده  نیروهای  این  به 
می توان گفت: 

»نیروی وارد به واحد سطح، تنش نامیده می شود« 
چنان چه نیروی وارده نیروی محوری باشد، تنش ایجاد شده را تنش محوری نامیده و 

با رابطه زیر تعریف می شود.

شکل 7-7

شکل 8-7

σ : تنش محوری )فشاری یا کششی(
 P : نیروی محوری )کششی با علامت + و فشاری با علامت - (

 A : سطح مقطع

So long as the resultant force at each end of the bar is applied at the centroid of the
end cross section, the last assumption—that the loads are applied as uniform nor-
mal stress distributions on the end cross sections—can be relaxed. As illustrated in
Fig. 2.2 a–d, the stress is uniform on every cross section, except on cross sections that
are very near the points of application of load. This is an application of Saint-
Venant’s Principle, which is discussed further in Section 2.10.

The uniform, prismatic bar in Fig. 2.4a is labeled as member ‘‘i’’ and is subjected
to equal and opposite axial forces Fi acting through the centroids at its ends. Its
cross-sectional area is Ai.

The normal stress on cross sections of an axially loaded member, like the one in
Fig. 2.4, is called the axial stress. Since, from the free-body diagram in Fig. 2.4b, the
resultant force, F(x), on every cross section of the bar is equal to the applied load
Fi, and since the cross-sectional area is constant, from Eq. 2.4 we get the following
formula for the uniform axial stress:

(2.5)

Example 2.3 shows one application of the axial-stress equation. You will find
several other examples in the computer program, MDSolids, which accompanies
this book.

Axial-
Stress
Equation

si �  
Fi

Ai
� const

29
Normal Stress

E X A M P L E  2 . 3

Two solid circular rods are welded to a plate at B to form a single rod, as
shown in Fig. 1. Consider the 30-kN force at B to be uniformly distrib-
uted around the circumference of the collar at B and the 10 kN load at
C to be applied at the centroid of the end cross section. Determine the
axial stress in each portion of the rod.

d1 = 20 mm

d2 = 15 mm

30 kN 10 kN(2)

(1)

A
B

C

Fig. 1

C

xi

Fi

F(x) = Fi

σ

(a) (b)

Fi

Fi

FIGURE 2.4 Uniform
stress in an axially loaded
prismatic bar.
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شکل 9-7

مثال 1
ستونی کوتاه مطابق شکل روبه رو تحت تاثیر نیروی 

قرار دارد. P=250KN محوری
وزن  )از  ستون  پای  در  تنش  محاسبه  مطلوب است 

ستون صرف نظر شود(.

P KN N
dA mm

P N/ MPa
A mm

2 2
2

2

250 250 1000 250000
200 31400

4 4
250000 7 96
31400

= − = − × = −
π π×= = =

−σ = = ⇒ σ = − یا

PROBLEMS

374

9.25 An axial force of 60 kN is applied to the assembly shown by means 
of rigid end plates. Determine (a) the normal stress in the brass 
shell, (b) the corresponding deformation of the assembly.

250 mm

5 mm5 mm

5 mm5 mm
20 mm20 mm

Steel core
E � 200 GPa

Brass shell
E � 105 GPa

Fig. P9.25 and P9.26

9.26 The length of the assembly decreases by 0.15 mm when an axial 
force is applied by means of rigid end plates. Determine (a) the 
magnitude of the applied force, (b) the corresponding stress in the 
steel core.

9.27 The 4.5-ft concrete post is reinforced with six steel bars, each 
with a 11

8-in. diameter. Knowing that Es 5 29 3 106 psi and Ec 5 
4.2 3 106 psi, determine the normal stresses in the steel and in 
the concrete when a 350-kip axial centric force P is applied to 
the post.

4    ft

18 in.

1
2

P

Fig. P9.27
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P=250 KN

200 mm

حل:

نیروی P فشاری است:

علامت منفی نشانگر آن است که تنش محوری ایجاد شده فشاری می باشد.
در صورتی که جسم دارای مقطع متفاوت باشد )شکل 7-9- الف( و یا بارگذاری در نقاط 
مختلف آن انجام شود )شکل  7-9- ب( تنش در هر قسمت از جسم متفاوت بوده و باید 
نیرو و مساحت هر قسمت را جداگانه تعیین و از رابطۀ )7-1( تنش را در هر قسمت محاسبه 

نمود.

)پاسکالPa( می باشد و بهتر است به منظور  N
m2 واحد تنش در سیستم SI با توجه به رابطۀ آن،

)مگاپاسکالMPa( استفاده شود. N
mm2 هماهنگی با آئین نامه ها در محاسبات از واحد

نکته: 
σ  مثبت می باشد. اگر نیروی محوری )P( کششی باشد تنش ایجادشده تنش کششی خواهد بود و

σ منفی می باشد. اگر نیروی محوری )P( فشاری باشد تنش ایجادشده تنش فشاری خواهد بود و
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the

3 8
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the

3 8
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and P
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n at levels A
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B
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ine the axial stress �
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n and the axial stress �
2in segm
ent
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ber in Fig.
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2.2-6 consists of a tubular segm
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ith outer diam
eter
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1.00 in.and inner diam
eter (d
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circular rod segm
ent (2) w
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eter d
2
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1.00 in.,
and

another solid circular rod segm
ent (3) w
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eter d
3
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0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
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ber.D
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ine the

axial stresses �
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2,and �
3
in each of the three respective

segm
ents.
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ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?
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B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
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 of P
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n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
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 and d
2
�
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.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
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hat are the stresses �
1a
and
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2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
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1,and w
hat is the

corresponding axial stress,�
1b
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2b,in the rods?
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A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.

T
he top

part,A
B

,of one pile is above the norm
al w

aterline;the m
id-

dle part,B
C

,is in direct contact w
ith the w

ater;and the part
below

 C
 is underground.T

he original diam
eter of the pile is

d
0

�
12 in.,but action of the w

ater and insects has reduced
the diam

eter of the pile over the part B
C

.(a) If the axial
force that the deck exerts on this pile is P

 �
200 kips,w

hat
is the axial stress in A

B
?

N
eglect the w

eight of the pile itself.
(b) A

n inspector estim
ates that the diam

eter of the pile in
segm

ent B
C

 has been eroded by 5%
.W

hat axial stress does
the deck load of P

 �
200 kips produce in this dam

aged part
of the pile? (c) If the m

axim
um

 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com

pression),w
hat is the m

axim
um

deck load that this dam
aged pile can support?
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(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)
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P
B  =

 350 kN

P
A  =
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200 m
m
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m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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مثال 2
نیروهای نشان داده شده قرار دارد. مطلوب است محاسبۀ  تأثیر  جسمی مطابق شکل تحت 

تنش در هر قسمت از جسم.

N
O

R
M

A
L

 ST
R

E
SS;A

X
IA

L
 

ST
R

E
SS

m
em

ber.
(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.

2.15
PRO

BLEM
S

For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t  =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m

z

P

P

75m
m

75m
m

y

y
R

120 m
m

15 m
m

(a)

(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).

P2.2-4 and P2.3-6
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مقطع 1-1

N
O

R
M

A
L

 ST
R

E
SS;A

X
IA

L
 

ST
R

E
SS

m
em

ber.
(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.

2.15
PRO

BLEM
S

For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m

z

P

P

75m
m

75m
m

y

y
R

120 m
m

15 m
m

(a)

(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).

P2.2-4 and P2.3-6
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NORM
AL STRESS; AXIAL 

STRESS

m
em

ber. (a) D
eterm

ine the coordinates y
R and z

R of the

point where the tensile load P m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle, and (b) determ
ine the m

agnitude of that tensile stress

if P �
18 kips.

2.15
PROBLEM

S
For all problems in Section 2.2, assume unknown axial

forces to be positive in tension. As in Examples 2.1 and

2.2, label tensile-stress answers with (T) and compressive-

stress answers with (C).

Prob. 2.2-1. A
 1-in.-diam

eter solid bar (1), a square solid

bar (2), and a circular tubular m
em

ber with 0.2-in. wall

thickness (3), each supports an axial tensile load of 5 kips.

(a) D
eterm

ine the axial stress in bar (1). (b) If the axial

stress in each of the other bars is 6 ksi, what is the dim
ension,

b, of the square bar, and what is the outer diam
eter, c, of the

tubular m
em

ber?

M
DS 2.1–2.4

▼

1 in.

(1)

(2)

(3)

b

c

t = 0.2 in.

b

P2.2-1

Prob. 2.2-2. The structural tee shown in Fig. P2.2-2 supports

a com
pressive load P �

200 kN. (a) D
eterm

ine the coordi-

nate y
R of the point R in the cross section where the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber, and (b) determ
ine the m

agnitude of

that com
pressive stress.

10 mm
z

P

P

75mm

75mm

y

y
R

120 mm

15 mm

(a)

(b)

R

Prob. 2.2-3. A
 steel plate is welded onto each end of the

structural angle in Fig. P2.2-3 so that a load can be applied

at point R, where it will produce uniform
 axial stress in the

P2.2-2

P

P

y

z

(b)

R

4 in.

3 in.
0.5 in.

0.5 in.

End plate

P2.2-3

Prob.
2.2-4. Consider the free-hanging rod shown in 

Fig. P2.2-4. The rod has the shape of a conical frustum
, with

radius R
0 at its top and radius R

L at its bottom
, and it is m

ade

of m
aterial with m

ass density �. The length of the rod is L.

D
eterm

ine an expression for the norm
al stress, �(x), at an

arbitrary cross section x
(0 �

x
�

L), where x
is m

easured

downward from
 the top of the rod.

Prob. 2.2-5. A
 solid brass rod AB and a solid alum

inum
 rod

BC are connected together by a coupler at B, as shown in

Fig.P2.2-5.The diameters of the two segments are d
1 �

60 m
m

and d
2 �

50 m
m

, respectively.D
eterm

ine the axial stresses �
1

(in rod AB) and �
2 (in rod BC).

P2.2-4 and P2.3-6
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مقطع 2-2

حل:
الف( تنش در مقطع 1-1

ب( تنش در مقطع 2-2
با توجه به شکل برآیند نیروهای وارد به مقطع )2-2( برابر است با:

P KN N
D /A / mm

P / MPa
A /

2 2
2

1 1

20 20000
3 14 50 1962 5

4 4
20000 10 19

1962 5

 = =

 π ×= = =

σ = = ⇒ σ = کششی

P KN N
D d / /A / mm

P / MPa
A /

2 2 2 2
2

2 2

15 15 20 10 10000
3 14 80 3 14 50 3061 5

4 4 4 4
10000 3 27

3061 5

 = − − + = − = −

 π π × ×= − = − =

−σ = = ⇒ σ = − فشاری

م مربوط به این موضوع را ببینید.
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مثال 3
قطعه پیوسته ای مطابق شکل تحت تاثیر نیروی کششی P قرار گرفته است، هرگاه نیروی 
P را به آرامی افزایش دهیم، احتمال گسیختگی در کدام یک از نواحی a وb وc بیشتر 

است؟ چرا؟

جواب: 

با توجه به این که مقدار P در هر سه ناحیه ثابت است، با افزایش تدریجی نیروی P مطابق 

P مقدار تنش در ناحیه c به دلیل سطح مقطع کوچک تر آن نسبت به نواحی 
A
±σ = رابطه 

a و b زودتر به تنشی می رسد که جسم دیگر قادر به تحمل آن نمی باشد.

P

P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
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B =
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m

t 1 =
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m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN
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d
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d
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C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)
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3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?
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(b)
d
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P

B C
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P
B =
 350 kN

P
A =
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m
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m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =

 350 kN

P
A =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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b

c

P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN
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d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
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(1)

A
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B C

(2)
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(1)
(2)
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P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.
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150 kN
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(1)
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3 kips

0.75 in
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P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?
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A =
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t 1 =
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t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
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 that w
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he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
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درجدول )7-1( ضریب ارتجاعی بعضی از مصالح آورده شده است.

جدول )7-1( ضریب ارتجاعی مصالح

ضریب ارتجاعی
N

mm2  
MPa یا

مصالح

2 ×105 فولاد

1/2 ×105 چدن

0/7 ×105 آلومینیوم

1 ×105 مس
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397

REVIEW AND SUMMARY

This chapter was devoted to the introduction of the concept of strain,
to the discussion of the relationship between stress and strain in 
various types of materials, and to the determination of the deforma-
tions of structural components under axial loading.

Considering a rod of length L and uniform cross section and  denot-
ing by d its deformation under an axial load P (Fig. 9.56), we defined 
the normal strain P in the rod as the deformation per unit length
[Sec. 9.2]:

P 5
d

L
  (9.1)

In the case of a rod of variable cross section, the normal strain was 
defined at any given point Q by considering a small element of rod 
at Q. Denoting by Dx the length of the element and by Dd its defor-
mation under the given load, we wrote

P 5 lim
¢xy0

 
¢d
¢x

5
dd
dx

 (9.2)

Plotting the stress s versus the strain P as the load increased, we 
obtained a stress-strain diagram for the material used [Sec. 9.3]. 
From such a diagram, we were able to distinguish between brittle
and ductile materials: A specimen made of a brittle material  rup-
tures without any noticeable prior change in the rate of elongation 
(Fig. 9.58), while a specimen made of a ductile material yields after 
a critical stress sY, called the yield strength, has been reached, i.e., 
the specimen undergoes a large deformation before rupturing, with 
a relatively small increase in the applied load (Fig. 9.57). An example 
of brittle material with different properties in tension and in com-
pression was provided by concrete.
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7-3             تغییر طول اجسام تحت تاثیر بارهای محوری

)2-7(

میلۀ BC به طول L و سطح مقطع A مطابق 
نیروی  اگر  است.  مفروض  الف(   -10-7( شکل 
کششی P به آن وارد شود، سبب افزایش طول میله 
( خواهد شد که مقدار آن از رابطۀ  L∆ به اندازة )

زیر تعیین می شود. شکل )7-10- ب(

در این رابطه E ضریب ارتجاعی )مدول الاستیسیته( جسم می باشد که به جنس آن  
بستگی دارد و در آزمایشگاه مقاومت مصالح مقدار آن تعیین می شود و واحد آن نیز همان 

و یا )MPa( است.
 

N
mm2

واحد تنش یعنی

L∆

)الف( )ب(
شکل 10-7
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نکته: 
اگر در شکل )7-2( نیروی P فشاری باشد، این نیرو سبب کاهش طول میلۀ می گردد 

که مقدار آن از همان رابطۀ )7-2( محاسبه می شود.
چنانچه جسم دارای مقطع و یا جنس یکنواخت نباشد و یا بارگذاری در نقاط مختلف 

انجام شود در این صورت آن را به بخش های مختلف تقسیم نموده 
و تغییر طول هر بخش را مطابق رابطۀ )7-2(  محاسبه می کنیم و 
برای محاسبه تغییر طول نهایی جسم آن ها را با یکدیگر جمع جبری 

می نماییم یعنی:
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باشد )از وزن میله صرف نظر می شود(.
 

P KN N
L cm mm

D /A mm

NE
mm

P. LL L mm
A. E

2 2
2

5
2

5

471 471000
80 800

3 14 20 314
4 4

2 10

471000 800 6
314 2 10

= =
= =

π ×= = =

= ×

×∆ = = ⇒ ∆ =
× ×

397

REVIEW AND SUMMARY

This chapter was devoted to the introduction of the concept of strain,
to the discussion of the relationship between stress and strain in 
various types of materials, and to the determination of the deforma-
tions of structural components under axial loading.

Considering a rod of length L and uniform cross section and  denot-
ing by d its deformation under an axial load P (Fig. 9.56), we defined 
the normal strain P in the rod as the deformation per unit length
[Sec. 9.2]:

P 5
d

L
  (9.1)

In the case of a rod of variable cross section, the normal strain was 
defined at any given point Q by considering a small element of rod 
at Q. Denoting by Dx the length of the element and by Dd its defor-
mation under the given load, we wrote

P 5 lim
¢xy0

 
¢d
¢x

5
dd
dx

 (9.2)

Plotting the stress s versus the strain P as the load increased, we 
obtained a stress-strain diagram for the material used [Sec. 9.3]. 
From such a diagram, we were able to distinguish between brittle
and ductile materials: A specimen made of a brittle material  rup-
tures without any noticeable prior change in the rate of elongation 
(Fig. 9.58), while a specimen made of a ductile material yields after 
a critical stress sY, called the yield strength, has been reached, i.e., 
the specimen undergoes a large deformation before rupturing, with 
a relatively small increase in the applied load (Fig. 9.57). An example 
of brittle material with different properties in tension and in com-
pression was provided by concrete.

Normal strainNormal strain

Stress-strain diagramStress-strain diagram
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(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.
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PRO

BLEM
S

For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t  =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m

z

P

P

75m
m

75m
m

y

y
R

120 m
m

15 m
m

(a)

(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).

P2.2-4 and P2.3-6
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN
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d
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P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.

T
he top

part,A
B

,of one pile is above the norm
al w

aterline;the m
id-

dle part,B
C

,is in direct contact w
ith the w

ater;and the part
below

 C
 is underground.T

he original diam
eter of the pile is

d
0

�
12 in.,but action of the w

ater and insects has reduced
the diam

eter of the pile over the part B
C

.(a) If the axial
force that the deck exerts on this pile is P

 �
200 kips,w

hat
is the axial stress in A

B
?

N
eglect the w

eight of the pile itself.
(b) A

n inspector estim
ates that the diam

eter of the pile in
segm

ent B
C

 has been eroded by 5%
.W

hat axial stress does
the deck load of P

 �
200 kips produce in this dam

aged part
of the pile? (c) If the m

axim
um

 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com

pression),w
hat is the m

axim
um

deck load that this dam
aged pile can support?
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P
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2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B
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P
 =

 60 kN
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x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
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(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.
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For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t  =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m

z

P

P

75m
m

75m
m

y

y
R

120 m
m

15 m
m

(a)

(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).

P2.2-4 and P2.3-6
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مقطع 1-1

N
O

R
M

A
L

 ST
R

E
SS;A

X
IA

L
 

ST
R

E
SS

m
em

ber.
(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.

2.15
PRO

BLEM
S

For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t  =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m

z

P

P

75m
m

75m
m

y

y
R

120 m
m

15 m
m

(a)

(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).
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مقطع 2-2

حل:
 2 1 و  تغییر طول کلی جسم برابر است با جمع جبری تغییر طول هر یک از قطعات 

یعنی:

الف( تغییر طول قطعه شماره 1:
tL L L1 2∆ = ∆ + ∆

1 کاهش می یابد. با توجه به علامت منفی، طول قطعۀ 

نیروی P فشاری می باشد.

P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.T

he top
part,A

B
,of one pile is above the norm

al w
aterline;the m

id-
dle part,B

C
,is in direct contact w

ith the w
ater;and the part

below
 C

 is underground.T
he original diam

eter of the pile is
d

0
�

12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B

C
.(a) If the axial

force that the deck exerts on this pile is P
 �

200 kips,w
hat

is the axial stress in A
B

?
N

eglect the w
eight of the pile itself.

(b) A
n inspector estim

ates that the diam
eter of the pile in

segm
ent B

C
 has been eroded by 5%

.W
hat axial stress does

the deck load of P
 �

200 kips produce in this dam
aged part

of the pile? (c) If the m
axim

um
 axial stress allow

ed in the
w

ood piles is 7.5 ksi (in com
pression),w

hat is the m
axim

um
deck load that this dam

aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.T

he top
part,A

B
,of one pile is above the norm

al w
aterline;the m

id-
dle part,B

C
,is in direct contact w

ith the w
ater;and the part

below
 C

 is underground.T
he original diam

eter of the pile is
d

0
�

12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B

C
.(a) If the axial

force that the deck exerts on this pile is P
 �

200 kips,w
hat

is the axial stress in A
B

?
N

eglect the w
eight of the pile itself.

(b) A
n inspector estim

ates that the diam
eter of the pile in

segm
ent B

C
 has been eroded by 5%

.W
hat axial stress does

the deck load of P
 �

200 kips produce in this dam
aged part

of the pile? (c) If the m
axim

um
 axial stress allow

ed in the
w

ood piles is 7.5 ksi (in com
pression),w

hat is the m
axim

um
deck load that this dam

aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.T

he top
part,A

B
,of one pile is above the norm

al w
aterline;the m

id-
dle part,B

C
,is in direct contact w

ith the w
ater;and the part

below
 C

 is underground.T
he original diam

eter of the pile is
d

0
�

12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B

C
.(a) If the axial

force that the deck exerts on this pile is P
 �

200 kips,w
hat

is the axial stress in A
B

?
N

eglect the w
eight of the pile itself.

(b) A
n inspector estim

ates that the diam
eter of the pile in

segm
ent B

C
 has been eroded by 5%

.W
hat axial stress does

the deck load of P
 �

200 kips produce in this dam
aged part

of the pile? (c) If the m
axim

um
 axial stress allow

ed in the
w

ood piles is 7.5 ksi (in com
pression),w

hat is the m
axim

um
deck load that this dam

aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.T

he top
part,A

B
,of one pile is above the norm

al w
aterline;the m

id-
dle part,B

C
,is in direct contact w

ith the w
ater;and the part

below
 C

 is underground.T
he original diam

eter of the pile is
d

0
�

12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B

C
.(a) If the axial

force that the deck exerts on this pile is P
 �

200 kips,w
hat

is the axial stress in A
B

?
N

eglect the w
eight of the pile itself.

(b) A
n inspector estim

ates that the diam
eter of the pile in

segm
ent B

C
 has been eroded by 5%

.W
hat axial stress does

the deck load of P
 �

200 kips produce in this dam
aged part

of the pile? (c) If the m
axim

um
 axial stress allow

ed in the
w

ood piles is 7.5 ksi (in com
pression),w

hat is the m
axim

um
deck load that this dam

aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =
 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7
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(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)
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3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the

3 8
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ب( تغییر طول قطعه شماره 2:

خلاصۀ فصل
• اجسام تحت تأثیر نیروهاي مختلف، رفتارهاي متفاوتي مانند رفتار کششي، فشاري، برشي 

و ... از خود نشان مي دهند.
• نیروي محوري نیرویي است که در امتداد محور طولی اجسام و عمود بر سطح مقطع آن ها 

وارد مي شود.
• نیروي وارد به واحد سطح را تنش مي نامند.

تعریف مي شود و بر سطح مقطع جسم عمود است.
 

P
A
±σ = • تنش محوري با رابطۀ 

. N
m2

• واحد تنش در سیستم SI عبارت است از 

• نیروهاي محوري در اجسام، کاهش یا افزایش طول ایجاد مي نمایند که از رابطۀ زیر به 
دست می آید:

• تغییر طول کلي اجسام از رابطۀ زیر به دست مي آید:

 E نماد  با  بستگي داشته و  به جنس آن ها  یا مدول الاستیسیته اجسام  ارتجاعي  • ضریب 

یا MPa مي باشد. N
mm2

نمایش داده مي شود و واحد آن، واحد تنش یعني

2 افزایش طول قطعۀ 
تغییر طول کلی جسم برابر است با:

با توجه به علامت منفی، طول کل جسم کاهش می یابد.
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مطلوب است  است.  آویزان  میلی متر   30 قطر  به  کابلی  از   50  kN وزن  به  لوستری   -1
محاسبۀ تنش محوری کابل.

2- ستونی مطابق شکل زیر تحت تأثیر بار محوری 500 کیلونیوتن قرار دارد. مطلوب است 
محاسبۀ تنش در پای ستون )از وزن ستون صرف نظر شود(.

181/5 kN

105/5 kN105/5 kN

مطابق  دایره  مقطع  با  بتن  جنس  از  ستونی   -3
شکل تحت تأثیر سه نیرو قرار دارد. مطلوب است 
محاسبۀ قطر هر یک از دو عضو فوقانی و تحتانی، 
در صورتی که خواسته باشیم تنش در هر عضو 
از MPa 8 تجاوز نکند )از وزن اعضا صرف نظر 

شود(.

P=500kN
400

 m
m

200 mm

4- باری محوری برابر kN 600 بر ستونی فلزی از لوله با ضخامت جداره 10 میلی متر و 
قطر داخلی mm 200 اثر می کند. مطلوب است محاسبۀ تنش فشاری در ستون.

10 mm100 mm
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5- نیرویی برابر kN 1000 بر یک صفحۀ کف ستون )Base Plate( وارد می شود. اگر 
تنش زیر صفحه MPa 5 باشد، مطلوب است محاسبۀ ابعاد کف ستون در صورتی که، صفحۀ 

کف ستون:
الف( مربع باشد

ب( نسبت طول به عرض آن 1/5 باشد
ج( دایره باشد.

به وسیلۀ  را مطابق شکل   80  kN برابر  نیرویی   100  mm به قطر  فلزی  6- یک ستونک 
صفحه کف ستون بر روی دیواری به ضخامت 200 میلی متر وارد می کند. در صورتی که 

در نظر باشد تنش در زیر صفحه، حداکثر به MPa 1 محدود شود، مطلوب است محاسبۀ:
الف( ابعاد صفحه کف ستون؛

ب( تنش در مقطع ستونک؛
ج( تنش در زیر دیوار در صورتی که طول دیوار m 1 باشد )از وزن دیوار صرف نظر شود(.

80 kN

7- در شکل زیر اگر مقطع میله دایره ای به قطر d و جنس آن از فولاد باشد و خواسته باشیم  
(E MPa)52 10= × .)d( باشد، مطلوب است محاسبۀ قطر میله L / cm1 592∆ =

200kN200kN

500 cm
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of the reactions at the supports from the condition that the elongation 
of the rod is zero. Using the superposition method described in Sec. 
9.8, we detach the rod from its support B (Fig. 9.30a) and let it elongate 
freely as it undergoes the temperature change ¢T (Fig. 9.30b). Accord-
ing to formula (9.20), the corresponding elongation is

dT 5 a 1¢T 2L
Applying now to end B the force P representing the redundant reac-
tion, and recalling formula (9.6), we obtain a second deformation 
(Fig. 9.30c)

dP 5
PL
AE

Expressing that the total deformation d must be zero, we have

d 5 dT 1 dP 5 a 1¢T 2L 1
PL
AE

5 0

from which we conclude that

P 5 2AEa 1¢T 2
and that the stress in the rod due to the temperature change ¢T is

 
s 5

P
A

5 2Ea 1¢T 2
  

(9.22)

 It should be kept in mind that the result we have obtained 
here and our earlier remark regarding the absence of any strain in 
the rod apply only in the case of a homogeneous rod of uniform 
cross section. Any other problem involving a restrained structure 
undergoing a change in temperature must be analyzed on its own 
merits. However, the same general approach can be used, i.e., we 
can consider separately the deformation due to the temperature 
change and the deformation due to the redundant reaction and 
superpose the solutions obtained.

L

(b)

(c)

L

A

A B

B

P

(a)
T�

A B

P�

Fig. 9.30

9.9 Problems Involving Temperature Changes
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of the rod is zero. Using the superposition method described in Sec. 
9.8, we detach the rod from its support B (Fig. 9.30a) and let it elongate 
freely as it undergoes the temperature change ¢T (Fig. 9.30b). Accord-
ing to formula (9.20), the corresponding elongation is

dT5a1¢T2L
Applying now to end B the force P representing the redundant reac-
tion, and recalling formula (9.6), we obtain a second deformation 
(Fig. 9.30c)
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from which we conclude that

P52AEa1¢T2
and that the stress in the rod due to the temperature change ¢T is
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 It should be kept in mind that the result we have obtained 
here and our earlier remark regarding the absence of any strain in 
the rod apply only in the case of a homogeneous rod of uniform 
cross section. Any other problem involving a restrained structure 
undergoing a change in temperature must be analyzed on its own 
merits. However, the same general approach can be used, i.e., we 
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change and the deformation due to the redundant reaction and 
superpose the solutions obtained.

L

(b)

(c)

L

A

AB

B

P

(a)
T�

AB

P �

Fig. 9.30

9.9 Problems Involving Temperature Changes

bee80156_ch09_342-405.indd Page 369  10/16/09  1:27:58 PM user-s173/Volumes/MHDQ-New/MHDQ152/MHDQ152-09

PP

A
2 m 2 m1 cm

B



135

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

نیرو  
و

تنش برشی

ح
صال

ت م
وم

قا
- م

م 
دو

ش 
بخ

فصل 
هشتم

As another example of single shear, consider the lap joint, or lap splice, in
Fig. 2.29 a, where two rectangular bars are glued together to form a tension
member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P , may be neglected.) Applying 
to the free- body diagram in Fig. 2.29 b, we get V P. The area on which the shear
V acts is A s L sw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints. 21

t avg
V
A s

P
L sw

g F 0

P PP

(a)  A lap splice. (b) The free-body diagram. (c) The average-shear-stress distribution.

t

P V

B

L B L

21The book Structures, or Why Things Don’t Fall Down, by J. E. Gordon [Ref. 2-7] contains an interesting
discussion of joints. Composites [Ref. 2-5] contains a chapter on joints that discusses adhesively bonded
lap joints.

FIGURE 2 .29 An illustration of direct shear—a lap splice.

E X A M P L E  2 . 8

In Fig. 1 a, a bolted lap joint connects together two rectangular bars. In
Fig. 1 b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1 a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1 b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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As another example of single shear, consider the lap joint, or lap splice, in
Fig. 2.29a, where two rectangular bars are glued together to form a tension
member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P, may be neglected.) Applying 
to the free-body diagram in Fig. 2.29b, we get V � P. The area on which the shear
V acts is As � Lsw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints.21
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21The book Structures, or Why Things Don’t Fall Down, by J. E. Gordon [Ref. 2-7] contains an interesting
discussion of joints. Composites [Ref. 2-5] contains a chapter on joints that discusses adhesively bonded
lap joints.

FIGURE 2.29 An illustration of direct shear—a lap splice.
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In Fig. 1a, a bolted lap joint connects together two rectangular bars. In
Fig. 1b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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As another example of single shear, consider the lap joint, or lap splice, in
Fig. 2.29 a, where two rectangular bars are glued together to form a tension
member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P , may be neglected.) Applying 
to the free- body diagram in Fig. 2.29 b, we get V P. The area on which the shear
V acts is A s L sw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints. 21
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21The book Structures, or Why Things Don’t Fall Down, by J. E. Gordon [Ref. 2-7] contains an interesting
discussion of joints. Composites [Ref. 2-5] contains a chapter on joints that discusses adhesively bonded
lap joints.

FIGURE 2 .29 An illustration of direct shear—a lap splice.
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In Fig. 1 a, a bolted lap joint connects together two rectangular bars. In
Fig. 1 b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1 a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1 b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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8-1             نیروی برشی )مماسی( 
مقطع  سطح  بر  مماس  نیروی 
)مماسی(  برشی  نیروی  را  اجسام 

می نامیم. 
به   F نیروی   )1-8( شکل  در 

سطح مقطع A وارد می شود.
مؤلفة  دو  به  را   F نیروی  اگر 
 )V( متعامد تجزیه نمائیم، مؤلفة افقی آن
بنابراین  بر سطح مقطع مماس می باشد. 
نیروی برشی محسوب می شود و مؤلفة 
قائم )P( بر سطح مقطع عمود بوده و لذا 

نیروی محوری محسوب می گردد.

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- نیروی برشی )مماسی( را تعریف کند.

2- تنش برشی را تعریف نماید و رابطة آن را به کار گیرد.
3- رفتار اتصالات برشی ساده با پیچ یا پرچ را بررسی نماید .

4- تنش کششی ماکزیمم در اتصالات برشی ساده را محاسبه نماید.
5- تنش لهیدگی را در اتصالات برشی ساده محاسبه کند.

6- تنش برشی در پیچ ها و یا پرچ ها را به دست آورد.
7- گسیختگی برشی ورق ها را کنترل نماید.

شکل 1-8
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 )Shear Stress( )8-2             تنش های برشی )مماسی
نیروی برشی سبب ایجاد تنش برشی در سطح مقطع اجسام می گردد. شکل )8-2-الف( 
دو صفحه را نشان می دهد که به وسیلة چسب به یکدیگر متصل شده اند و نیروی P تنش برشی 

در محل اتصال دو صفحه مطابق شکل )8-2-ب( ایجاد می نماید.
تنش برشی )مماسی( 

نیروی برشی )مماسی( وارد به واحدِ سطح را تنشِ برشی گویند 
( نمایش داده می شود و رابطة آن به صورت زیر است: τ و با نماد )

V : نیروی برشی که در شکل )8-2( همان نیروی P می باشد.
)A=L.Bسطح مقطع جسم )که در این جا سطح تماس بین دو صفحه می باشد : A

τ : تنش برشی

شکل 2-8

شکل 3-8

نیروی برشی در اکثر سازه های ساختمانی به صورت های مختلف وجود دارد و به دلیل 
گستردگی و پیچیدگی موضوع در اینجا تنها جهت آشنایی با رفتار برشی اعضای ساختمانی به 

بررسی اتصالات برشی ساده با پیچ یا پرچ می پردازیم.
در شکل )8-3( دو ورق با مشخصات نشان داده شده توسط یک پیچ به 
قطر d به یکدیگر متصل شده اند و تحت تاثیر نیروی کششی P قرار دارند.
در   P نیروی  که  می شود  ملاحظه   )3-8( شکل  به  باتوجه 
لذا  نماید.  برش می  ایجاد  پیچ ها  در  نموده و  ایجاد کشش  ورق ها 

نیروی P برای پیچ، نیروی برشی محسوب می گردد.

V
A

τ =

As another example of single shear, consider the lap joint, or lap splice, in
Fig. 2.29a, where two rectangular bars are glued together to form a tension
member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P, may be neglected.) Applying 
to the free-body diagram in Fig. 2.29b, we get V � P. The area on which the shear
V acts is As � Lsw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints.21

tavg �
V
As

�
P

Lsw

gF � 0

P
PP

(a)  A lap splice.

τavg

(b) The free-body diagram. (c) The average-shear-stress distribution.

t

P V

w

Ls w Ls

21The book Structures, or Why Things Don’t Fall Down, by J. E. Gordon [Ref. 2-7] contains an interesting
discussion of joints. Composites [Ref. 2-5] contains a chapter on joints that discusses adhesively bonded
lap joints.

FIGURE 2.29 An illustration of direct shear—a lap splice.

E X A M P L E  2 . 8

In Fig. 1a, a bolted lap joint connects together two rectangular bars. In
Fig. 1b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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)الف( )ب(

)1-8(

برش پیچ یا پرچ
V=PP

P
V=P

B

t

L

As another example of single shear, consider the lap joint, or lap splice, in
Fig. 2.29a, where two rectangular bars are glued together to form a tension
member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P, may be neglected.) Applying 
to the free-body diagram in Fig. 2.29b, we get V � P. The area on which the shear
V acts is As � Lsw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints.21

tavg �
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(a)  A lap splice.
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(b) The free-body diagram. (c) The average-shear-stress distribution.
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21The book Structures, or Why Things Don’t Fall Down, by J. E. Gordon [Ref. 2-7] contains an interesting
discussion of joints. Composites [Ref. 2-5] contains a chapter on joints that discusses adhesively bonded
lap joints.

FIGURE 2.29 An illustration of direct shear—a lap splice.

E X A M P L E  2 . 8

In Fig. 1a, a bolted lap joint connects together two rectangular bars. In
Fig. 1b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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م مربوط به این موضوع را ببینید.
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8-3             بررسی رفتار اتصالات برشی ساده با پیچ یا پرچ 
با توجه به شکل )8-4( به بررسی رفتارهای مختلف این نوع اتصالات می پردازیم:

A (b nd)t= −

8-3-1- تنش کششی حداکثر ایجاد شده در ورق ها

( تنش محوری یا قائم ورق ها وقتی  P
A

σ = با توجه به رابطة )

به حداکثر می رسد که سطح مقطع کاهش یابد لذا در محل پیچ یا پرچ به 

دلیل وجود سوراخ ها، سطح مقطع ورق ضعیف شده و تنش حداکثر در 
آن مقطع ایجاد می شود و امکان گسیختگی در این مقطع وجود دارد1 و 

مطابق شکل خواهیم داشت: شکل )5-8(

بنابراین برای تعیین کمترین سطح مقطع ورق ها )Amin( لازم است 
را  هرکدام  مقطع  و سطح  گرفته  نظر  در  اتصال  در طول  مختلفی  مقاطع 

 قرار دهیم تا مقدار 
P
A

σ = محاسبه نموده و کمترین آن ها را در رابطة 

حداکثر تنش کششی تعیین شود. دررابطه )n )2-8 تعداد پیچ ها در مقطع 
مورد نظر و d قطر پیچ ها یا پرچ ها، b عرض و t ضخامت صفحه ها می باشد.

1- باید توجه داشت که در این گونه اتصالات ممکن است مقاطع دیگری وجود داشته باشند که تنش کششی 
حداکثر در آن ها ایجاد می شود که در مقاطع بالاتر با آن ها آشنا خواهید شد.

شکل 4-8

شکل 5-8

S

t1 t2

S

P

P P

P

b 2b 1

)2-8(



139

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

8-3-2- تنش لهیدگی
نیروی کششی اعمال شده در اتصال شکل )8-6( در محل سوراخ ها به جدارة ورق ها 
توسط پیچ فشار وارد می آورد که باعث لهیدگی سطح تماس آن ها می شود و تنش حاصل، 

تنش لهیدگی نامیده می شود و از رابطة زیر به دست می آید.

شکل 7-8

b
P

Ndt
σ =

bmax
min

P
Ndt

σ =

P
NA

τ =

که  می شود  ایجاد  صفحه ای  (در  maxbσ = ( حداکثر  لهیدگی  تنش  که  است  بدیهی 
(را داشته باشد. یعنی: mint کمترین ضخامت )

8-3-3- تنش برشی در پیچ ها یا پرچ ها
باتوجه به تعریف نیروی برشی )مماسی(، نیروی کششی P در اتصال شکل )8-7( بر 
سطح مقطع پیچ ها یا پرچ ها مماس بوده بنابراین نیروی برشی برای پیچ ها یا پرچ ها محسوب 

می شود:

)3-8(

)4-8(

)5-8(

شکل 6-8

در روابط )8-3( و )N ،)4-8 تعداد کل پیچ ها یا پرچ های اتصال می باشد.

لذا باتوجه به رابطة تنش برشی داریم:

برش پیچ یا پرچ
V=PP

P
V=P

بعد از اعِمال نیروقبل از اعِمال نیرو

در این رابطه N تعداد کل پیچ ها یا پرچ ها و A سطح مقطع یکی از آن ها می باشد.

P P
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شکل 8-8

S d3≥

8-3-4- گسیختگی برشی ورق
هرگاه فاصله مراکز سوراخ ها از یکدیگر و یا از لبه های ورق، از حد معینی کمتر باشد، 

امکان پارگی ورق مطابق شکل )8-8( وجود دارد.
لذا بر اساس آیین نامه باید فاصلة مرکز تا مرکز سوراخ ها و همچنین مرکز سوراخ ها تا 

لبه های ورق از سه برابر قطر پیچ کمتر نباشد. یعنی: 

)6-8(

P

S ≥ 3d

P

S < 3d
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شده اند.  متصل  به هم  مطابق شکل  میلی متر   20 قطر  به  یک  هر  پیچ  سه  توسط  تسمه  دو 

مطلوب است محاسبة:
الف( تنش کششی حداکثر در هر تسمه

ب( تنش برشی پیچ ها
ج( تنش لهیدگی ماکزیمم در تسمه ها

د( کنترل پارگی برشی

75 mm

12 mm 10 mm

75 mm

120 kN

120 kN 120 kN

120 kN

30
0 
m
m

20
0

الف( سطح مقطع هر تسمه را در مقطعی که بیشترین پیچ ها در آن وجود دارند محاسبه سپس 
تنش را در هر تسمه به دست می آوریم:

1 تسمة 

2 تسمة 

تنش

تنش حداکثر در تسمه شمارة )1(

تنش حداکثر در تسمه شمارة )2(

min min

min

min

A (b nd)t A ( )

A mm

P
A

/ MPa

1 1
2

3

1 1

1

200 2 20 12
1920

120 10
1920

62 5

= − ⇒ = − ×

=

×σ = ⇒ σ =

σ =

min min

min

min

A (b nd)t A ( )

A mm

P
A

/ MPa

2

3

2 2

2

300 2 20 10
2600

120 10
2600

46 15

= − ⇒ = − ×

=

×σ = ⇒ σ =

σ =
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120 10 127 39
3 20

4

×τ = ⇒ τ = ⇒ τ =π× ×

bmax b b
min

P MPa
Ndt ( )

3120 10 200
3 20 10

×σ = ⇒ σ = ⇒ σ =
× ×

S d ok3 75 3 20 75 60≥ ⇒ ≥ × ⇒ >

ب( تنش برشی در پیچ ها:

کمتری  دارای ضخامت  می آید. چون  به وجود   2 تسمه  در  ماکزیمم  لهیدگی  تنش  ج( 

1 می باشد. نسبت به تسمه شماره 

د( کنترل پارگی برشی:

برای جلوگیری از پارگی تسمه باید:

خلاصة فصل
• نیروی برشی یا مماسی به نیرویی گفته می شود که بر سطح مقطع جسم مماس باشد.

V محاسبه می شود.
A

τ = • تنش برشی از رابطة 

• اتصالات برشی ساده با پیچ یا پرچ، در حالات زیر مورد بررسی قرار می گیرند:
1( تنش کششی ایجاد شده در تسمه ها در مقطع ضعیف شده برابر است با:

P
(b nd)t

σ =
−

bmax
min

P
Ndt

σ =

P
NA

τ = dA
2

4
π=

S d3≥

2( تنش لهیدگی حداکثر در محل سوراخ ها و در تسمه نازک تر ایجاد می شود. یعنی:

3( تنش برشی در پیچ ها یا پرچ ها از رابطة زیر به دست می آید:

4( به منظور جلوگیری از گسیختگی برشی تسمه ها باید فاصلة سوراخ ها از یکدیگر و از 
لبة ورق ها از سه برابر قطر پیچ یا پرچ کمتر نباشد. یعنی:

قابل قبول
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1- در شکل زیر مطلوب است محاسبة
c-c و b-b و a-a الف( تنش کششی در مقاطع

ب( تنش برشی پیچ ها
ج( تنش لهیدگی ماکزیمم

د( کنترل پارگی برشی

2- در مسائل 2 و 3 مطلوب است محاسبة:
پارگی  کنترل  و  ماکزیمم  لهیدگی  تنش   - پیچ ها  برشی  تنش   - صفحه ها  ماکزیمم  تنش 

برشی
80 mm

12 mm
15 mm

16000 N 16000 N

16000 N
16000 N

24
0 
m
m

16
0 
m
m

22Φ
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expressions can then, by the principle of linear superposition, be added to give

(6.30)

The second term on the right corresponds to bending about the z axis of symmetry
and comes directly from Eq. 6.13. The first term is a modification of Eq. 6.13 for
bending about the y axis of symmetry. Note that this My term in Eq. 6.30 is positive.
As illustrated in Fig. 6.25a, a positive My produces tension (i.e., positive �x) where z
is positive. Since the y axis and z axis are both axes of symmetry of the cross section,
their origin is the centroid of the cross section, as indicated in Fig. 6.24b. Figure 6.25
illustrates the superposition of the stresses due to moment components My and Mz

acting on a rectangular cross section.

Orientation of the Neutral Axis: Due to the combined stresses, the beam will
bend about the inclined neutral axis indicated by NA in Figs. 6.25c and 6.25d.
The orientation of the neutral axis in a cross section may be determined by set-
ting �x � 0 in Eq. 6.30. Then, if (y*, z*) are the coordinates of points that lie on
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9-1             تنش خمشی در تیرها با مقطع متقارن 
خم   )2-9( شکل  صورت  به  شده،  داده  نشان  بارگذاری  با  تیر   )1-9( شکل  در 

می گردد.

هدف های رفتاری
پس از آموزش این فصل از فراگیر انتظار می رود بتواند:

1- تنش خمشی را در تیرها بشناسد.
2- تنش خمشی حداکثر در هر مقطع از تیر با مقاطع متقارن را با بار متمرکز محاسبه 

کند.
3- حداکثر تنش خمشی تیرها با مقاطع متقارن را با بار متمرکز به دست آورد.

4- شماره مقطع مورد نیاز تیرها تحت بار متمرکز را به کمک رابطة خمش، با استفاده 
از پروفیل های استاندارد تک یا دوبل به دست آورد.

449Suppose that the member is divided into a large number of 
small cubic elements with faces respectively parallel to the three 
coordinate planes. The property we have established requires that 
these elements be transformed as shown in Fig. 11.9 when the 
 member is subjected to the couples M and M9. Since all the faces 
represented in the two projections of Fig. 11.9 are at 908 to each 
other, we conclude that gxy 5 gzx 5 0 and, thus, that txy 5 txz 5 0. 
Regarding the three stress components that we have not yet dis-
cussed, namely, sy, sz, and tyz, we note that they must be zero on 
the surface of the member. Since, on the other hand, the deforma-
tions involved do not require any interaction between the elements 
of a given transverse cross section, we can assume that these three 
stress components are equal to zero throughout the member. This 
assumption is verified, both from experimental evidence and from 
the theory of elasticity, for slender members undergoing small defor-
mations. We conclude that the only nonzero stress component 
exerted on any of the small cubic elements considered here is the 
normal component sx. Thus, at any point of a slender member in 
pure bending, we have a state of uniaxial stress. Recalling that, for 
M . 0, lines AB and A9B9 are observed, respectively, to decrease 
and increase in length, we note that the strain Px and the stress sx 
are negative in the upper portion of the member (compression) and 
positive in the lower portion (tension).

It follows from the above that there must exist a surface paral-
lel to the upper and lower faces of the member, where Px and sx 
are zero. This surface is called the neutral surface. The neutral 
surface intersects the plane of symmetry along an arc of circle DE 
(Fig. 11.10a), and it intersects a transverse section along a straight 
line called the neutral axis of the section (Fig. 11.10b). The origin 
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of coordinates will now be selected on the neutral surface, rather 
than on the lower face of the member as done earlier, so that the 
distance from any point to the neutral surface will be measured by 
its coordinate y.

11.3 Deformations in a Symmetric Member 
in Pure Bending
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(positive shear and positive bending moment)
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Fig. 12.6
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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449Suppose that the member is divided into a large number of 
small cubic elements with faces respectively parallel to the three 
coordinate planes. The property we have established requires that 
these elements be transformed as shown in Fig. 11.9 when the 
 member is subjected to the couples M and M9. Since all the faces 
represented in the two projections of Fig. 11.9 are at 908 to each 
other, we conclude that gxy 5 gzx 5 0 and, thus, that txy 5 txz 5 0. 
Regarding the three stress components that we have not yet dis-
cussed, namely, sy, sz, and tyz, we note that they must be zero on 
the surface of the member. Since, on the other hand, the deforma-
tions involved do not require any interaction between the elements 
of a given transverse cross section, we can assume that these three 
stress components are equal to zero throughout the member. This 
assumption is verified, both from experimental evidence and from 
the theory of elasticity, for slender members undergoing small defor-
mations. We conclude that the only nonzero stress component 
exerted on any of the small cubic elements considered here is the 
normal component sx. Thus, at any point of a slender member in 
pure bending, we have a state of uniaxial stress. Recalling that, for 
M . 0, lines AB and A9B9 are observed, respectively, to decrease 
and increase in length, we note that the strain Px and the stress sx 
are negative in the upper portion of the member (compression) and 
positive in the lower portion (tension).

It follows from the above that there must exist a surface paral-
lel to the upper and lower faces of the member, where Px and sx 
are zero. This surface is called the neutral surface. The neutral 
surface intersects the plane of symmetry along an arc of circle DE 
(Fig. 11.10a), and it intersects a transverse section along a straight 
line called the neutral axis of the section (Fig. 11.10b). The origin 
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of coordinates will now be selected on the neutral surface, rather 
than on the lower face of the member as done earlier, so that the 
distance from any point to the neutral surface will be measured by 
its coordinate y.

11.3 Deformations in a Symmetric Member 
in Pure Bending
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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P

فشرده  آن  فوقانی  تارهای  و  شده  کشیده  تیر  تحتانی  تارهای  که  می شود  ملاحظه   
می شود بنابراین در هر مقطع این تیر، ناحیه تحتانی دارای تنش کششی  و ناحیه فوقانی دارای 

تنش فشاری می باشد که به تنش های مذکور تنش های خمشی گفته می شود. 
)c ایجادشده در مقطع تیر مطابق شکل  )σ )t و فشاری  )σ حداکثر تنش های کششی 

)9-3( به ترتیب در تارهای تحتانی و فوقانی خواهد بود. 

شکل 9-2شکل 1-9

شکل 3-9

expressions can then, by the principle of linear superposition, be added to give

(6.30)

The second term on the right corresponds to bending about the z axis of symmetry
and comes directly from Eq. 6.13. The first term is a modification of Eq. 6.13 for
bending about the y axis of symmetry. Note that this My term in Eq. 6.30 is positive.
As illustrated in Fig. 6.25a, a positive My produces tension (i.e., positive �x) where z
is positive. Since the y axis and z axis are both axes of symmetry of the cross section,
their origin is the centroid of the cross section, as indicated in Fig. 6.24b. Figure 6.25
illustrates the superposition of the stresses due to moment components My and Mz

acting on a rectangular cross section.

Orientation of the Neutral Axis: Due to the combined stresses, the beam will
bend about the inclined neutral axis indicated by NA in Figs. 6.25c and 6.25d.
The orientation of the neutral axis in a cross section may be determined by set-
ting �x � 0 in Eq. 6.30. Then, if (y*, z*) are the coordinates of points that lie on
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مقدار این تنش ها از رابطة )9-1( محاسبه می گردد که به رابطة خمش معروف است:

9-1-1- تنش های خمشی حداکثر در تیر
در هر مقطع دلخواه از تیر  max( )σ رابطة )9-1( مقادیر حداکثر تنش کششی یا فشاری 

را تعیین می کند.
برای محاسبه حداکثر تنش کششی یا فشاری در طول تیر لازم است در رابطه )1-9( 

max(M را از نمودار لنگر خمشی تیر جایگزین نمائیم. یعنی: ) لنگر خمشی حداکثر تیر 

MC
I

σ =

max
max

M C
I

σ =

)1-9(

)2-9(

در این رابطه:
M : لنگر خمشی در مقطع مورد نظر

C : فاصلة دورترین تارهای کششی یا فشاری مقطع از محور خمش
I : ممان اینرسی حول محور خمش تیر می باشد.

)c حداکثر، در مقطع مورد نظر می باشد که  )σ )t و یا فشاری  )σ σ : تنش کششی 
در مقاطع متقارن با هم برابرند.

م مربوط به این موضوع را ببینید.
فیل
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مثال 1
در تیر شکل مقابل که متشکل از یک IPE 180 mm  می باشد، با توجه به نمودار لنگر 

خمشی تیر مطلوب است محاسبة:
الف( تنش خمشی حداکثر در مقطع a-a به فاصلة 1 متر از تکیه گاه سمت چپ 

ب( تنش خمشی حداکثر تیر
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construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.

328
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E X A M P L E  5 . 7

Use Eqs. 5.2 through 5.7 to sketch shear and moment diagrams for the
simply-supported beam shown in Fig. 1.

Plan the Solution We can use a free-body diagram of the beam AC to
determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).

Fig. 2 A free-body diagram.

Shear Diagram: Equations 5.2, 5.4, and 5.6 involve the shear. Using
these equations, we can sketch V(x) progressively from x � 0 to x � L.
It is convenient to sketch the shear and moment diagrams directly below
the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.

P(L � a)
L

Ay �
P(L � a)

L
AyL � P(L � a) � 0,aaMb

C
� 0:

Cy � P a a
L
bPa � CyL � 0,aaMb

A
� 0:

Fig. 3 Shear and moment diagrams.

2The graphical method is most useful when the “areas” in Eqs. 5.6 and 5.7 are simple rectangles or
triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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حل:
الف( مقدار لنگر خمشی در مقطع a-a به فاصلة 1 متر از تکیه گاه سمت چپ با توجه به 

نمودار لنگر خمشی و استفاده از تناسب به صورت زیر به دست می آید.

تنش خمشی ماکزیمم در مقطع a-a از رابطة خمش به صورت زیر محاسبه می شود.

مقطع تیر

453In the case of structural steel, American standard beams (S-
beams) and wide-flange beams (W-beams), Photo 11.3, are preferred 

to other shapes because a large portion of their cross section is 
located far from the neutral axis (Fig. 11.13). Thus, for a given cross-
sectional area and a given depth, their design provides large values 
of I and, consequently, of S. Values of the elastic section modulus of 
commonly manufactured beams can be obtained from tables listing 
the various geometric properties of such beams. To determine the 
maximum stress sm in a given section of a standard beam, the engi-
neer needs only to read the value of the elastic section modulus S 
in a table and divide the bending moment M in the section by S.

The deformation of the member caused by the bending mo-
ment M is measured by the curvature of the neutral surface. The 
curvature is defined as the reciprocal of the radius of curvature r, 
and can be obtained by solving Eq. (11.9) for 1yr:

 
1
r

5
Pm

c
 (11.20)

But, in the elastic range, we have Pm 5 sm yE. Substituting for Pm into 
(11.20), and recalling (11.15), we write

1
r

5
sm

Ec
5

1
Ec

 
Mc
I

or

 
1
r

5
M
EI

 (11.21)

Photo 11.3 Wide-flange steel beams form the 
frame of many buildings.

c

c

(a) S-beam (b) W-beam

N. A.

Fig. 11.13
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با استخراج مشخصات IPE 18 از جداول پیوست خواهیم داشت:

ب( تنش خمشی حداکثر تیر با توجه به مقدار لنگر ماکزیمم تیر از روی نمودار لنگر خمشی 
به صورت زیر محاسبه می شود.
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9-2             تنش برشی متوسط تیرهای با مقطع I شکل )مطالعه آزاد( 
در فصل پنجم با نمودار های نیروی برشی )V( و لنگر خمشی ) M( تیرها آشنا شدیم. 
بر اساس این نمودارها، هر نقطه از تیر دارای مقدار معینی نیروی برشی و لنگر خمشی می باشد. 
تیرها باید مقادیر حداکثر نیروی برشی )Vmax(و لنگر خمشی )Mmax( ایجادشده را 

تحمل نمایند.
در تیرهای I شکل، جانِ تیر سهم بیشتری در تحمل نیروهای برشی دارد بنابراین برای 

( که در فصل هشتم آمده است، سطح جان  V
A

τ = محاسبة تنش برشی در تیرها، در رابطة )
تیر را قرار می دهیم.

)ave در تیرها از رابطة  )9-3( به دست می آید. )τ لذا تنش برشی متوسط 

ave
w

V
A

τ =

w wA h.t=

max
max

w

V
h.t

τ =

)3-9(

)4-9(

)5-9(

شکل 4-9

که Aw مطابق شکل )9-4( برابر است با:

در این رابطه:
مربوطه  جداول  از  که  می باشد  تیر  جانِ  )tw( ضخامت  و  تیرآهن  مقطع  ارتفاع   )h(

استخراج می گردد.
( در تیر باید به جای V در رابطة )9-3( از  maxτ برای محاسبة تنش برشی حداکثر )

Vmax استفاده شود. 

453In the case of structural steel, American standard beams (S-
beams) and wide-flange beams (W-beams), Photo 11.3, are preferred 

to other shapes because a large portion of their cross section is 
located far from the neutral axis (Fig. 11.13). Thus, for a given cross-
sectional area and a given depth, their design provides large values 
of I and, consequently, of S. Values of the elastic section modulus of 
commonly manufactured beams can be obtained from tables listing 
the various geometric properties of such beams. To determine the 
maximum stress sm in a given section of a standard beam, the engi-
neer needs only to read the value of the elastic section modulus S 
in a table and divide the bending moment M in the section by S.

The deformation of the member caused by the bending mo-
ment M is measured by the curvature of the neutral surface. The 
curvature is defined as the reciprocal of the radius of curvature r, 
and can be obtained by solving Eq. (11.9) for 1yr:

 
1
r

5
Pm

c
 (11.20)

But, in the elastic range, we have Pm 5 sm yE. Substituting for Pm into 
(11.20), and recalling (11.15), we write

1
r

5
sm

Ec
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1
Ec

 
Mc
I

or
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r

5
M
EI

 (11.21)

Photo 11.3 Wide-flange steel beams form the 
frame of many buildings.

c
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(a) S-beam (b) W-beam
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Fig. 11.13
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a
w

V
A

τ =

w w w
w

a a

h cm mm
IPE A h.t A mm

t s mm

/ / MPa

2

3

16 160
16 160 5 800

5
1 43 10 1 79

800

 = = ⇒ = ⇒ = × =
= =

×τ = ⇒ τ =

با استخراج سطح مقطع جان تیرآهن IPE 16 از جداول پیوست، داریم:

a-a تنش برشی در مقطع

ب( تنش برشی حداکثر تیر:
maxبا توجه به نمودار نیروی برشی داریم:

max
max max

w

max

V / kN N
V
h.t

/ MPa

18 57 18570
18570

800

23 21

= =

τ = ⇒ τ =

⇒ τ = تنش برشی حداکثر تیر

حل:
الف( با توجه به نمودار نیروی برشی، در مقطع a-a به فاصلة 1/5 متر از تکیه گاه سمت 

aV بنابراین خواهیم داشت: / kN1 43= راست، مقدار نیروی برشی برابر است با 

از  که  مقابل  شکل  تیر  در 
یک تیرآهن IPE 16 تشکیل 
شده است، با توجه به نمودار 
نیروی برشی تیر مطلوب است 

محاسبة:
الف( تنش برشی تیر در مقطع 
از  متر   1/5 فاصلة  به   a-a

تکیه گاه سمت راست؛
ب( تنش برشی حداکثر تیر.

مثال 2 )مطالعه آزاد(

construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.

328
Equilibrium of Beams

E X A M P L E  5 . 7

Use Eqs. 5.2 through 5.7 to sketch shear and moment diagrams for the
simply-supported beam shown in Fig. 1.

Plan the Solution We can use a free-body diagram of the beam AC to
determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).

Fig. 2 A free-body diagram.

Shear Diagram: Equations 5.2, 5.4, and 5.6 involve the shear. Using
these equations, we can sketch V(x) progressively from x � 0 to x � L.
It is convenient to sketch the shear and moment diagrams directly below
the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.

P(L � a)
L

Ay �
P(L � a)

L
AyL � P(L � a) � 0,aaMb

C
� 0:

Cy � P a a
L
bPa � CyL � 0,aaMb

A
� 0:

Fig. 3 Shear and moment diagrams.
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construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.
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determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).
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the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.
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diagram.
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1- مقدار تنش مجاز به عوامل مختلفی بستگی دارد که به منظور سادگی و پرهیز از طولانی شدن بحث به طور 
خلاصه آن را معادل MPa 144 در نظر می گیریم.

9-3             تعیین شمارة مقطع تیر فولادی با استفاده از 
                  تنش خمشی ماکزیمم تحت بار متمرکز

به طور کلی طراحی تیر یعنی تعیین مشخصات مقطع مورد نیاز با توجه به بارهای وارده 
و کنترل های لازم مانند کنترل تنش برشی حداکثر، کنترل تغییر شکل و . . . که با استفاده از 

آئین نامه های مربوطه انجام می گیرد. 
در این قسمت با روش تعیین شماره مقطع مورد نیاز تیر فولادی با استفاده از رابطة 

)9-2( آشنا می شوید و کنترل های لازم را در مقاطع بالاتر فرا خواهید گرفت.
تنش خمشی حداکثر تیر که عموماً تعیین کننده شماره مقطع مورد نیاز آن می باشد از 

رابطة )9-2( به دست می آید.
به طور کلی تنش ایجاد شده در هر مصالحی نباید از مقدار معینی تجاوز نماید که این مقدار 

تنش معین را تنش مجاز مصالح مورد نظر می نامند.
allσ نشان داده   مقدار تنش مجاز توسط آئین نامه های مربوطه مشخص  شده و با نماد 
می شود. در این کتاب مقدار تنش مجاز مصالح فولادی در خمش معادل MPa 144 در نظر 

گرفته شده است.1
بنابراین تنش خمشی حداکثر در تیرهای فولادی نباید از MPa 144 تجاوز نماید در 

نتیجه رابطة )9-2( به صورت زیر در خواهد آمد.
max

max
x

M .C MPa
I

144σ = ≤

)4-9(

x
x

max max
max max

x x

max
x

IS
C

M M
I S
C
MS

144 144

144

=

σ = ≤ ⇒ σ = ≤

⇒ ≥

xI ، مدول مقطع یا اساس مقطع تیر یعنی )Sx( می باشد.
C

نسبت 
بنابراین در رابطة )9-3( خواهیم داشت:
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تعیین  برای  بنابراین  از رابطة )9-4( اساس مقطع لازم گویند.«  Sx حاصل  »به مقدار 
شمارة مقطع تیر با استفاده از رابطة )9-4( اساس مقطع لازم تیر،  محاسبه شده و از جداول 
نیاز را که دارای اساس مقطعی معادل یا  پروفیل های ساختمانی می توان شمارة مقطع مورد 

بزرگ تر از مقدار محاسبه شده از رابطة فوق می باشد، استخراج می شود.

مثال 3
 144  MPa معادل  که  تیر  مجاز خمشی  تنش  به  توجه  با  آیا   )1( مثال  در  نمائید  کنترل 
لزوم مقطع  یا خیر و در صورت  بار وارده می باشد  IPE جوابگوی   18 تیرآهن  می باشد 

مورد نیاز را تعیین نمائید.
حل: 

max محاسبه شده که بزرگ تر  / MPa426 14σ = تنش خمشی ماکزیمم در مثال )1( برابر 

all می باشد بنابراین IPE 18 جوابگوی بار  MPa144σ = از تنش مجاز خمشی یعنی 
وارده نمی باشد.

)9-4( خواهیم  رابطة  به  توجه  با  نمائیم.  محاسبه  را  نیاز  مورد  مقطع  اساس  باید  بنابراین 
maxداشت:

x

x

x

x
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آن  مقطع  باید  نکند  تجاوز  مجاز  حد  از  تیر  ماکزیمم  خمشی  تنش  این که  برای  بنابراین 
حداقل IPE 30 باشد. چنان چه بخواهیم از تیرآهن دوبل به عنوان تیر فوق استفاده نمائیم، 
کافی است اساس مقطع لازم را نصف نموده و بر اساس آن شمارة مقطع مورد نیاز را از 

جدول استخراج و به صورت دوبل مورد استفاده قرار دهیم. خواهیم داشت:
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خلاصة فصل
• در اثر خمش در تیر، تنش های کششی و فشاری ایجاد می شود.

• مقادیر تنش خمشی حداکثر در هر مقطع از تیر در تارهای فوقانی و تحتانی از رابطة زیر 
محاسبه می شود.

MC
I

σ =

max
max

M C
I

σ =

max
x

MS
144

≥

• تنش خمشی حداکثر تیر از رابطة زیر به دست می آید.

• تنش مجاز خمشی تیرهای فولادی برابر MPa 144 در نظر گرفته می شود.

• برای تعیین اساس مقطع تیرآهن لازم از رابطة زیر استفاده می شود.

all MPa144σ =
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خودآزمایی

1- در تیرهای داده شده مطلوب است:
a-a الف( محاسبة تنش خمشی در مقطع

ب( محاسبة تنش خمشی ماکزیمم تیر

Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft
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4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E
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P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D

EA

C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.
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Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7

340

 c05EquilibriumOfBeams.qxd  9/8/10  9:36 PM  Page 340

20 kN20 kN10 kN

2m1m1m

28
46 44

22
2

18
28

1m

a

a
0/8m

)الف(

)ب(



156

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.
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SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.
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BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB

�

VB
�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft
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4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D
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2P P

P5.2-6, P5.4-7, and P5.5-7
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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MC�VC�
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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PROBLEMS
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

B

P

CA

L

ba

Fig. P12.1

B

w

A

L

Fig. P12.2

B

w0

A

L

Fig. P12.3

D

w

A
B

a a

C

L

Fig. P12.4

48 kN 60 kN 60 kN

0.6 m 0.9 m

A
C D E

B

1.5 m 1.5 m

Fig. P12.5

BA C D E

200 N 200 N 200 N500 N

300 300225 225

Dimensions in mm

Fig. P12.6

BA
C

3 kips/ft 30 kips

3 ft6 ft

Fig. P12.7

B
A

C D

4 ft 4 ft 4 ft

2 kips/ft 15 kips

Fig. P12.8

bee80156_ch12_500-535.indd Page 510  10/8/09  4:35:33 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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PROBLEMS
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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VD�
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3a 3a2a

P 2P 2P

3 Pa
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x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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3a 3a2a

P 2P 2P

3 Pa
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x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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50 kN 20 kN

2- شمارة مقطع هر یک از تیرهای زیر را با استفاده از پروفیل IPE تک و دوبل تعیین کنید. 
)تنش مجاز خمشی فولاد را 144 مگاپاسکال در نظر بگیرید.(
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ضمیمه:
جداول مشخصات نیم رخ های فولادی

IPB    نيمرخ بال پهن

سطح مقطع A=
وزن واحد طول G=

اينرس ممان I=ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h b s t r c h‐2c A G Ix Sx ix Iy Sy iy rTIPB h b s t r c h 2c A G x Sx x y Sy y T

mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm
100 100 100 6 10 12 22 56 26 20.4 450 89.9 4.16 167 33.5 2.53 27.8
120 120 120 6.5 11 12 23 74 34 26.7 864 144 5.04 318 52.9 3.06 33.4
140 140 140 7 12 12 24 92 43 33.7 1510 216 5.93 550 78.5 3.58 38.9
160 160 160 8 13 15 28 104 54.3 42.6 2490 311 6.78 889 111 4.05 44.4
180 180 180 8.5 14 15 29 122 65.3 51.2 3830 426 7.66 1360 151 4.57 49.9
200 200 200 9 15 18 33 134 78.1 61.3 5700 570 8.54 2000 200 5.07 55.5
220 220 220 9 5 16 18 34 152 91 71 5 8090 736 9 43 2840 258 5 59 61

IPB 

220 220 220 9.5 16 18 34 152 91 71.5 8090 736 9.43 2840 258 5.59 61
240 240 240 10 17 21 38 164 106 83.2 11260 938 10.3 3920 327 6.08 66.6
260 260 260 10 17.5 24 41.5 177 118 93 14920 1150 11.2 5130 395 6.58 72.2
280 280 280 10.5 18 24 42 196 131 103 19270 1380 12.1 6590 471 7.09 77.6
300 300 300 11 19 27 46 208 149 117 25170 1680 13 8560 571 7.58 83.2
320 320 300 11.5 20.5 27 47.5 225 161 127 30820 1930 13.8 9240 616 7.57 83.1
340 340 300 12 21.5 27 48.5 243 171 134 36660 2160 14.6 9690 646 7.53 82.9
360 360 300 12.5 22.5 27 49.5 261 181 142 43190 2400 15.5 10140 676 7.49 82.7
400 400 300 13 5 24 27 51 298 198 155 57680 2880 17 1 10820 721 7 4 82 3400 400 300 13.5 24 27 51 298 198 155 57680 2880 17.1 10820 721 7.4 82.3
450 450 300 14 26 27 53 344 218 171 79890 3550 19.1 11720 781 7.33 81.9
500 500 300 14.5 28 27 55 390 239 187 107200 4290 21.2 12620 842 7.27 81.6
550 550 300 15 29 27 56 438 254 199 136700 4970 23.2 13080 872 7.17 81.1
600 600 300 15.5 30 27 57 486 270 212 171000 5700 25.2 13530 902 7.08 80.7
650 650 300 16 31 27 58 534 286 225 210600 6480 27.1 13980 932 6.99 80.2
700 700 300 17 32 27 59 582 306 241 256900 7340 29 14440 963 6.87 79.6
800 800 300 17.5 33 30 63 674 334 262 359100 8980 32.8 14900 994 6.68 78.7
900 900 300 18 5 35 30 65 770 371 291 494100 10980 36 5 15820 1050 6 53 77 9900 900 300 18.5 35 30 65 770 371 291 494100 10980 36.5 15820 1050 6.53 77.9

1000 1000 300 19 36 30 66 868 400 314 644700 12890 40.1 16280 1090 6.38 77
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IPE    نيمرخ نيم پهن

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ممان اينرسي I

اساس مقطع S=
شعاع ژيراسيون i=

h b s t r c h-2c A G Ix Sx ix Iy Sy iy a1 rTIPE mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm mm
80 80 46 3.8 5.2 5 10.2 59 7.64 6 80.1 20 3.24 8.49 3.69 1.05 63 12.2

100 100 55 4.1 5.7 7 12.7 74 10.3 8.1 171 34.2 4.07 15.9 5.79 1.24 79 14.6
120 120 64 4.4 6.3 7 13.3 93 13.2 10.4 318 53 4.9 27.7 8.65 1.45 96 16.9
140 140 73 4.7 6.9 7 13.9 112 16.4 12.9 541 77.3 5.74 44.9 12.3 1.65 112 19.3
160 160 82 5 7.4 9 16.4 127 20.1 15.8 869 109 6.58 68.3 16.7 1.84 129 21.7
180 180 91 5.3 8 9 17 146 23.9 18.8 1320 146 7.42 101 22.2 2.06 145 24
200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4

IPE

200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4
220 220 110 5.9 9.2 12 21.2 177 33.4 26.2 2770 252 9.11 205 37.3 2.48 179 29.1
240 240 120 6.2 9.8 15 24.8 190 39.1 30.7 3890 324 9.97 284 47.3 2.6 196 31.8
270 270 135 6.6 10.2 15 25.2 219 45.9 36.1 5790 429 11.2 420 62.2 3.02 220 35.6
300 300 150 7.1 10.7 15 25.7 248 53.8 42.2 8360 557 12.5 604 80.5 3.35 245 39.5
330 330 160 7.5 11.5 18 29.5 271 62.6 49.1 11770 713 13.7 788 98.5 3.55 270 42.1
360 360 170 8 12.7 18 30.7 298 72.7 57.1 16270 904 15 1040 123 3.79 294 44.7
400 400 180 8.6 13.5 21 34.5 331 84.5 66.3 23130 1160 16.5 1320 146 3.95 326 47.1
450 450 190 9 4 14 6 21 35 6 378 98 8 77 6 33740 1500 18 5 1680 176 4 12 365 49 4450 450 190 9.4 14.6 21 35.6 378 98.8 77.6 33740 1500 18.5 1680 176 4.12 365 49.4
500 500 200 10.2 16 21 37 426 116 90.7 48200 1930 20.4 2140 214 4.31 404 51.8
550 550 210 11.1 17.2 24 41.2 467 134 106 67120 2440 22.3 2670 254 4.45 442 54
600 600 220 12 19 24 43 514 156 122 92080 3070 24.3 3390 308 4.66 481 56.5
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 Cast IPE نيمرخ نيم پهن لانه زنبوري شده   

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h H s t A G lxa Sxa Fb lxb Sxb

mm mm mm mm cm2 kg/m
(per 1.5h) cm4 cm3 cm2 cm4 cm3

120 80 120 3.8 5.2 9.16 0.718 206 34.3 6.12 189 31.6
150 100 150 4.1 5.7 12.4 1.21 437 58.2 8.25 403 53.7
180 120 180 4 4 6 3 15 8 1 86 809 89 9 10 6 746 82 8

Cast IPE

180 120 180 4.4 6.3 15.8 1.86 809 89.9 10.6 746 82.8
210 140 210 4.7 6.9 19.7 2.7 1370 131 13.1 1270 121
240 160 240 5 7.4 24.1 3.78 2200 184 16.1 2030 169
270 180 270 5.3 8 28.7 5.06 3330 247 19.1 3070 228
300 200 300 5.6 8.5 34.1 6.7 4910 327 22.9 4540 302
330 220 330 5.9 9.2 39.9 8.63 6990 423 26.9 6460 392
360 240 360 6.2 9.8 46.5 11 9790 544 31.7 9070 504
405 270 405 6 6 10 2 54 8 14 6 14550 719 37 13470 665405 270 405 6.6 10.2 54.8 14.6 14550 719 37 13470 665
450 300 450 7.1 10.7 64.5 19 21010 934 43.2 19410 863
495 330 495 7.5 11.5 75 24.3 29580 1200 50.2 27330 1100
540 360 540 8 12.7 87.1 30.8 40890 1510 58.3 37780 1400
600 400 600 8.6 13.5 102 39.7 58290 1940 67.3 53700 1790
675 450 675 9.4 14.6 120 52.2 85430 2530 77.7 78290 2320
750 500 750 10.2 16 142 68.2 122400 3260 90.5 111800 2980
825 550 825 11 1 17 2 165 86 6 171100 4150 103 155700 3770825 550 825 11.1 17.2 165 86.6 171100 4150 103 155700 3770
900 600 900 12 19 192 110 235300 5230 120 213700 4750
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UNP    نيمرخ ناوداني

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h b s t=r1 r2 c h‐2c A G Ix Sx ix Iy Sy iy ey xM a1
mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm cm cm mm

UNP 
g

30x15 30 15 4 4.5 2 9 12 2.21 1.74 2.53 1.69 1.07 0.38 0.39 0.42 0.52 0.74 --
30 30 33 5 7 3.5 14.5 1 5.44 4.27 6.39 4.26 1.08 5.33 2.68 0.99 1.31 2.22 --

40x20 40 20 5 5.5 2.5 11 18 3.66 2.87 7.58 3.79 1.44 1.14 0.86 0.56 0.67 1.01 --
40 40 35 5 7 3.5 14.5 11 6.21 4.87 14.1 7.05 1.5 6.68 3.08 1.04 1.33 2.32 --

50x25 50 25 5 6 3 12.5 25 4.92 3.86 16.8 6.73 1.85 2.49 1.48 0.71 0.81 1.34 --
50 50 38 5 7 3.5 15 20 7.12 5.59 26.4 10.6 1.92 9.12 3.75 1.13 1.37 2.47 4
60 60 30 6 6 3 12.5 35 6.46 5.07 31.6 10.5 2.21 4.51 2.16 0.84 0.91 1.5 --
65 65 42 5.5 7.5 4 16 33 9.03 7.09 57.5 17.7 2.52 14.1 5.07 1.25 1.42 2.6 16
80 80 45 6 8 4 17 47 11 8 64 106 26 5 3 1 19 4 6 36 1 33 1 45 2 67 2880 80 45 6 8 4 17 47 11 8.64 106 26.5 3.1 19.4 6.36 1.33 1.45 2.67 28

100 100 50 6 8.5 4.5 18 64 13.5 10.6 206 41.2 3.91 29.3 8.49 1.47 1.55 2.93 42
120 120 55 7 9 4.5 19 82 17 13.4 364 60.7 4.62 43.2 11.1 1.59 1.6 3.03 56
140 140 60 7 10 5 21 97 20.4 16 605 86.4 5.45 62.7 14.8 1.75 1.75 3.37 70
160 160 65 7.5 10.5 5.5 22.5 116 24 18.8 925 116 6.21 85.3 18.3 1.89 1.84 3.56 82
180 180 70 8 11 5.5 23.5 133 28 22 1350 150 6.95 114 22.4 2.02 1.92 3.75 96
200 200 75 8.5 11.5 6 24.5 151 32.2 25.3 1910 191 7.7 148 27 2.14 2.01 3.94 108
220 220 80 9 12.5 6.5 26.5 166 37.4 29.4 26900 245 8.48 197 33.6 2.3 2.14 4.2 122
240 240 85 9.5 13 6.5 28 185 42.3 33.2 3600 300 9.22 248 39.6 2.42 2.23 4.39 134
260 260 90 10 14 7 30 201 48.3 37.9 4820 371 9.99 317 47.7 2.56 2.36 4.66 146
280 280 95 10 15 7.5 32 216 53.3 41.8 6280 448 10.9 399 57.2 2.74 2.53 5.02 160
300 300 100 10 16 8 34 232 58.8 46.2 8030 535 11.7 495 67.8 2.9 2.7 5.41 174
320 320 100 14 17.5 8.75 37 247 75.8 59.5 10870 679 12.1 597 80.6 2.81 2.6 4.82 182
350 350 100 14 16 8 34 283 77.3 60.6 12840 734 12.9 570 75 2.72 2.4 4.45 204
380 380 102 13.5 16 8 33.5 313 80.4 63.1 15760 829 14 615 78.7 2.77 2.38 4.58 227
400 400 110 14 18 9 38 325 91.5 71.8 20350 1020 14.9 846 102 3.04 2.65 5.11 240
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Angle  Equal Leg    نيمرخ نبشي با بال مساوي

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ي ر ي ن م
اساس مقطع S=

شعاع ژيراسيون i=

a X s r1 r2 A G e w v1 Ix=Iy Sx=Sy ix=iy Jξ iξ Jη Wη iη
2 4 3 4 3mm mm mm cm2 kg/m cm cm cm cm4 cm3 cm cm4 cm cm cm3 cm

20 X 3 3.5 2 1.12 0.88 0.6 1.41 0.85 0.39 0.28 0.59 0.62 0.74 0.15 0.18 0.37
20 X 4 3.5 2 1.45 1.14 0.64 1.41 0.9 0.48 0.35 0.58 0.77 0.73 0.19 0.21 0.36
25 X 3 3.5 2 1.42 1.12 0.73 1.77 1.03 0.79 0.45 0.75 1.27 0.95 0.31 0.3 0.47
25 X 4 3.5 2 1.85 1.45 0.76 1.77 1.08 1.01 0.58 0.74 1.61 0.93 0.4 0.37 0.47
25 X 5 3.5 2 2.26 1.77 0.8 1.77 1.13 1.18 0.69 0.72 1.87 0.91 0.5 0.44 0.47
30 X 3 5 2.5 1.74 1.36 0.84 2.12 1.18 1.41 0.65 0.9 2.24 1.14 0.57 0.48 0.57
30 X 4 5 2.5 2.27 1.78 0.89 2.12 1.24 1.81 0.86 0.89 2.85 1.12 0.76 0.61 0.58
30 X 5 5 2.5 2.78 2.18 0.92 2.12 1.3 2.16 1.04 0.88 3.41 1.11 0.91 0.7 0.57
35 X 3 5 2.5 2.04 1.6 0.96 2.47 1.36 2.29 0.9 1.06 3.63 1.34 0.95 0.7 0.68
35 X 4 5 2.5 2.67 2.1 1 2.47 1.41 2.96 1.18 1.05 4.68 1.33 1.24 0.88 0.68
35 X 5 5 2.5 3.28 2.57 1.04 2.47 1.47 3.56 1.45 1.04 5.63 1.31 1.49 1.01 0.67
35 X 6 5 2.5 3.87 3.04 1.08 2.47 1.53 4.14 1.71 1.04 6.5 1.3 1.77 1.16 0.68
40 X 3 6 3 2.35 1.84 1.07 2.83 1.52 3.45 1.18 1.21 5.45 1.52 1.44 0.95 0.78
40 X 4 6 3 3.08 2.42 1.12 2.83 1.58 4.48 1.56 1.21 7.09 1.52 1.86 1.18 0.78
40 X 5 6 3 3.79 2.97 1.16 2.83 1.64 5.43 1.91 1.2 8.64 1.51 2.22 1.35 0.77
40 X 6 6 3 4 48 3 52 1 2 2 83 1 7 6 33 2 26 1 19 9 98 1 49 2 67 1 57 0 7740 X 6 6 3 4.48 3.52 1.2 2.83 1.7 6.33 2.26 1.19 9.98 1.49 2.67 1.57 0.77
45 X 4 7 3.5 3.49 2.74 1.23 3.18 1.75 6.43 1.97 1.36 10.2 1.71 2.68 1.53 0.88
45 X 5 7 3.5 4.3 3.38 1.28 3.18 1.81 7.83 2.43 1.35 12.4 1.7 3.25 1.8 0.87
45 X 6 7 3.5 5.09 4 1.32 3.18 1.87 9.16 2.88 1.34 14.5 1.69 3.83 2.05 0.87
45 X 7 7 3.5 5.86 4.6 1.36 3.18 1.92 10.4 3.31 1.33 16.4 1.67 4.39 2.29 0.87
50 X 4 7 3.5 3.89 3.06 1.36 3.54 1.92 8.97 2.46 1.52 14.2 1.91 3.73 1.94 0.98
50 X 5 7 3.5 4.8 3.77 1.4 3.54 1.98 11 3.05 1.51 17.4 1.9 4.59 2.32 0.98
50 X 6 7 3.5 5.69 4.47 1.45 3.54 2.04 12.8 3.61 1.5 20.4 1.89 5.24 2.57 0.96
50 X 7 7 3 5 6 56 5 15 1 49 3 54 2 11 14 6 4 15 1 49 23 1 1 88 6 02 2 85 0 9650 X 7 7 3.5 6.56 5.15 1.49 3.54 2.11 14.6 4.15 1.49 23.1 1.88 6.02 2.85 0.96
50 X 8 7 3.5 7.41 5.82 1.52 3.54 2.16 16.3 4.68 1.48 25.7 1.86 6.87 3.19 0.96
50 X 9 7 3.5 8.24 6.47 1.56 3.54 2.21 17.9 5.2 1.47 28.1 1.85 7.67 3.47 0.97
55 X 5 8 4 5.32 4.18 1.52 3.89 2.15 14.7 3.7 1.66 23.3 2.09 6.11 2.84 1.07
55 X 6 8 4 6.31 4.95 1.56 3.89 2.21 17.3 4.4 1.66 27.4 2.08 7.24 3.28 1.07
55 X 8 8 4 8.23 6.46 1.64 3.89 2.32 22.1 5.72 1.64 34.8 2.06 9.35 4.03 1.07

55 X 10 8 4 10.1 7.9 1.72 3.89 2.43 26.3 6.97 1.62 41.4 2.02 11.3 4.65 1.06
60 X 5 8 4 5.82 4.57 1.64 4.24 2.32 19.4 4.45 1.82 30.7 2.3 8.03 3.46 1.17
60 X 6 8 4 6 91 5 42 1 69 4 24 2 39 22 8 5 29 1 82 36 1 2 29 9 43 3 95 1 1760 X 6 8 4 6.91 5.42 1.69 4.24 2.39 22.8 5.29 1.82 36.1 2.29 9.43 3.95 1.17
60 X 8 8 4 9.03 7.09 1.77 4.24 2.5 29.1 6.88 1.8 46.1 2.26 12.1 4.84 1.16
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 Square Tube    نيمرخ قوطي مربع

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

a X s A G I S i
mm cm2 kg/m cm4 cm3 cm

40 X 2.9 4.23 3.32 9.66 4.83 1.51
40 X 4 5.62 4.41 12.1 6.05 1.47

50 X 2.9 5.39 4.23 19.8 7.94 1.92
50 X 4 7.22 5.67 25.4 10.1 1.87

60 X 2.9 6.55 5.14 35.5 11.8 2.33
60 X 4 8.82 6.93 45.9 15.3 2.28
60 X 5 10.8 8.47 54.1 18 2.24

70 X 3.2 8.46 6.64 62.7 17.9 2.72
70 X 4 10.4 8.18 75.3 21.5 2.69
70 X 5 12.8 10 89.6 25.6 2.65

80 X 3.6 10.9 8.55 106 26.4 3.11
80 X 4.5 13.4 10.5 127 31.7 3.08
80 X 5.6 16.4 12.9 151 37.6 3.03
90 X 3.6 12.3 9.68 153 34 3.52
90 X 4.5 15.2 11.9 185 41 3.48
90 X 5.6 18.6 14.6 220 49 3.44
100 X 4 15.2 12 233 46.6 3.91
100 X 5 18.8 14.7 281 56.3 3.87

100 X 6.3 23.3 18.3 339 67.8 3.82
120 X 4.5 20.5 16.1 452 75.3 4.7
120 X 5.6 25.1 19.7 544 90.6 4.65
120 X 6.3 28 22 598 99.7 4.62
140 X 5.6 29.6 23.3 885 126 5.47
140 X 7.1 37 29 1080 154 5.4
140 X 8.8 45 35.3 1280 182 5.33
160 X 6.3 37.7 29.6 1460 183 6.23
160 X 8 47 36.9 1780 222 6.15

160 X 10 57.4 45.1 2100 263 6.05
180 X 6.3 42.8 33.6 2120 236 7.05
180 X 8 53.4 41.9 2590 288 6.97

180 X 10 65.4 51.4 3090 343 6.87
200 X 6.3 47.8 37.5 2960 296 7.86
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 Round Tube    نيمرخ لوله

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

D X s A G I S ix
mm cm2 kg/m cm4 cm3 cm

21.3 X 2 1.21 0.962 0.571 0.536 0.686
21.3 X 2.6 1.53 1.21 0.681 0.639 0.668
21.3 X 3.2 1.82 1.44 0.768 0.722 0.65
26 9 X 2 1 56 1 24 1 22 0 907 0 88326.9 X 2 1.56 1.24 1.22 0.907 0.883
26.9 X 2.6 1.98 1.57 1.48 1.1 0.864
26.9 X 3.2 2.38 1.89 1.7 1.27 0.846
33.7 X 2.6 2.54 2.01 3.09 1.84 1.1
33.7 X 3.2 3.07 2.42 3.6 2.14 1.08
33.7 X 4 3.73 2.95 4.19 2.49 1.06
42.4 X 2.6 3.25 2.57 6.46 3.05 1.41
42 4 X 3 2 3 94 3 11 7 62 3 59 1 3942.4 X 3.2 3.94 3.11 7.62 3.59 1.39
42.4 X 4 4.83 3.81 8.99 4.24 1.36
48.3 X 2.6 3.73 2.95 9.78 4.05 1.62
48.3 X 3.2 4.53 3.59 11.6 4.8 1.6
48.3 X 4 5.57 4.41 13.8 5.7 1.57
60.3 X 2.9 5.23 4.14 21.6 7.16 2.03
60.3 X 3.6 6.41 5.07 25.9 8.58 2.01
60 3 X 4 7 07 5 59 28 2 9 34 260.3 X 4 7.07 5.59 28.2 9.34 2
60.3 X 5 8.69 6.82 33.5 11.1 1.96
76.1 X 2.9 6.67 5.82 44.7 11.8 2.59
76.1 X 3.6 8.2 6.49 54 14.2 2.57
76.1 X 4 9.06 7.17 59.1 15.5 2.55
76.1 X 5 11.2 8.77 70.9 18.6 2.52
88.9 X 3.2 8.62 6.81 79.2 17.8 3.03
88 9 X 3 6 9 65 7 57 87 9 19 8 3 0288.9 X 3.6 9.65 7.57 87.9 19.8 3.02
88.9 X 4 10.7 8.43 96.3 21.7 3
88.9 X 5 13.2 10.3 116 26.2 2.97
88.9 X 6.3 16.3 12.9 140 31.5 2.93
101.6 X 3.6 11.1 8.76 133 26.2 3.47
101.6 X 4.5 13.7 10.7 162 31.9 3.44
101.6 X 5.6 16.9 13.2 195 38.4 3.4
101 6 X 7 1 21 1 16 6 237 46 6 3 35
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1- خاکی، علی، ایستایی ساختمان، شرکت چاپ و نشر کتاب های درسی ایران

2- فرشاد، مهدی، مکانیک مهندسی - جلد اول: استاتیک، انتشارات پژوهش
3- مریام، ج - ال، استاتیک، ترجمة حمید لعل خو

4- ENGINEERING MECHANICS STATICS,
 J.T.MERIAM&L.G.KRAIGE, SEVENTH EDITION
5- STATICS AND MECHANICS OF MATERIALS,
 Ferdinand P.Beer&E.Russell Johnston, Jr.&John T.DeWolf&David 
F.Mazurek
6- MECHANICS OF MATERIALS, Third Edition
 ROY R. CRAIG, JR.
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